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y�������zr��x�u
	
��t��
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(xIiP��w���hi 510631)

� �

�EL����HJR�I�� (2) �Q�����J��PJ�� 0 ≤∑m
i=1

ci(t) < 1 A� (2) T N S(0, 0, 0), S(b, a, 0), S(∞,∞, 0) � S(∞,∞, d) CS!I�
�Q���F"#$%&S!I�Q���P�'(D)*'(+MD)�

��s�R�I����Q�����J��PJ

§1. ,-
kHK��cj�TFJ�bw	s	T	
YR
VVA�����as�L���

�
Avha��l [1–2], 
FJ�c		R
VVA��L����Z
Q����� [3]
���R


x′′ − cx′′(t − r) + q(t)x(g(t)) = 0 (1)

VVA��L�����
�� (1) z��bbw	R
��� (L 0 ≤ c < 1 �V��) �

���NA���q��m [3] �����l x(t)[x(t) − cx(t − r)] > 0 �VVA����
�Y�s�L����FVVA��Y��YD��� [3] cF����ZE�A����
�R (� [3] c��� 3 s 4). IU���RMvJ��CoAHC�bbw� ri �oAV
bw	P��I gz(t) �V���J��C ci(t) ���upu�V��

�����tV �c		R

[
x(t) −

m∑
i=1

ci(t)x(t − ri)

]′′
+

n∑
j=1

fj(t, x(gj1(t)), · · ·, x(gjl
(t))) = 0 , (2)

Sc t ≥ t0 > 0, ri > 0, ci(t), gjs(t) ∈ C[t0,∞), ci(t) ≥ 0, limt→∞ gjs(t) = ∞, fj(t, x1, · · ·, xl)
pS�I��!pu� i ∈ Im = {1, 2, · · ·,m}, j ∈ In = {1, 2, · · ·, n}, s ∈ Il = {1, 2, · · ·, l}.

L ∑m
i=1 ci(t) < 1 �V�� ("CO��S�V��L��c��), #CFV �R


 (2) �VVA�
��YD�Y��S���aoHA S(0, 0, 0), S(b, a, 0), S(∞,∞, 0) s
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4 Q �$E K�W%&d�'S!WWB�"��&t#M& 477

S(∞,∞, d) zg�	�� � Schauder �A$��sfN%&r!pu("�RMd'cg
�	VVA��L�(Y)#�(Y)*)#�

(2) ��b�*�VA���l�A$+��%$+,O*�VVA��

§2. w3,45
LUO�R�#Ckg

m∑
i=1

ci(t) ≤ 1 − δ, 0 < δ < 1 . (3)

fj(t, x1, · · ·, xl) (j ∈ In) �l)#
(a) L x1, x2, · · ·, xl -rl� fj F x1, x2, · · ·, xl -r�U� xi ≥ yi > 0 � yi ≤ xi <

0 (i ∈ Il) l�-	
fj(t, x1, · · ·, xl) ≥ fj(t, y1, · · ·, yl), j ∈ In .

&

y(t) = x(t) −
m∑

i=1

ci(t)x(t − ri) . (4)

67 1 g (3) -	� fj (j ∈ In) �l)# (a), x(t) p (2) ��bofY� (.�). �l
limt→∞ x(t) = 0, GA y(t) of�. (Y) UA limt→∞ y(t) = 0; ,O y(t) of�Y (.).

89 g x(t) p (2) �ofY��. (2) /�ofA y′′(t) < 0. '0 y′(t) p/(��
of�A y′(t) > 0 � y′(t) < 0. 0Iof�A y(t) > 0 � y(t) < 0. �l limt→∞ x(t) = 0,
O limt→∞ y(t) = 0. 1/)A limt→∞ y′(t) = 0. '0BA y′(t) > 0. UyE y(t) p
of%&P)��. limt→∞ y(t) = 0 */�A y(t) < 0. �l x(t) �1"��%�O
A limt→∞ sup x(t) > 0. #CyUl)ofA y(t) > 0. �+�2�ofA y(t) < 0. U
l��l x(t) p2,��)�L(" {tk}, limk→∞ tk = ∞, m x(tk) = maxt≤tk

x(t) U
limk→∞ x(tk) = ∞. . (4) 3

y(tk) = x(tk) −
m∑

i=1

ci(tk)x(tk − ri) ≥ x(tk)

(
1 −

m∑
i=1

ci(tk)

)
. (5)

. (3) s (5) /� limk→∞ y(tk) = +∞. Up�b-G��l x(t) pA,��B)�L("
{tk} m limk→∞ x(tk) = limt→∞ sup x(t). .C {ci(tk)} s {x(tk − ri)} (i ∈ Im) .pA,
("�0c*4'r!j"�g�j�5��*g1" limk→∞ ci(tk) s limk→∞ x(tk − ri)
(i ∈ Im) .�L�Cp

0 ≥ lim
k→∞

y(tk) = lim
k→∞

[
x(tk) −

m∑
i=1

ci(tk)x(tk − ri)

]

≥ lim
t→∞ sup x(t)

[
1 − lim

k→∞

m∑
i=1

ci(tk)

]
> 0 .

.

U�p�b-G�'0of�A y(t) > 0. -�*Z x(t) pof.��V��Z6�
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67 2 g (3) -	� limt→∞
∑m

i=1 ci(t) = c (0 ≤ c < 1), x(t) > 0 (x(t) < 0). �
l limt→∞ y(t) = a ( a ��u), O limt→∞ x(t) = a

1−c ; �l limt→∞ y(t) = +∞(−∞), O
limt→∞ x(t) = +∞(−∞).

89 g x(t) > 0. 4 x(t) ≥ y(t), g� limt→∞ y(t) = +∞ l�)A limt→∞ x(t) = +∞.
�g limt→∞ y(t) = a,O y(t)pA,���/5� 1�ZE (80 (5)n),*/ x(t))A,�C
p�L(" {tk}m limk→∞ x(tk) = limt→∞ sup x(t). 4(" {ci(tk)}s {x(tk − ri)} (i ∈ Im)
.A,�0c*4'r!j"�g�j�5��*g limk→∞ ci(tk) s limk→∞ x(tk − ri) .
�L�Cp

a = lim
k→∞

y(tk) = lim
k→∞

x(tk) −
m∑

i=1

lim
k→∞

ci(tk) lim
k→∞

x(tk − ri)

≥ lim
t→∞ sup x(t)

[
1 − lim

k→∞

m∑
i=1

ci(tk)

]

= lim
t→∞ sup x(t)(1 − c) ,

a

1 − c
≥ lim

t→∞ sup x(t) . (6)

��RD��L(" {t′k}m limk→∞ x(t′k) = limt→∞ inf x(t). �j�5�*g limk→∞ ci(t′k)
s limk→∞ x(t′k − ri) (i ∈ Im) .�L�O

a = lim
k→∞

y(t′k) = lim
k→∞

x(t′k) −
m∑

i=1

lim
k→∞

ci(t′k) lim
k→∞

x(t′k − ri)

≤ lim
t→∞ inf x(t)

[
1 − lim

k→∞

m∑
i=1

ci(t′k)

]

= lim
t→∞ inf x(t)(1 − c) ,

a

1 − c
≤ lim

t→∞ inf x(t) . (7)

. (6) s (7) 3 limt→∞ x(t) = a
1−c . �/*Z x(t) < 0 �V��Z6�

v7 1 g (3) s (a) -	� limt→∞
∑m

i=1 ci(t) = c (0 ≤ c < 1), O (2) �VVA�oHA
0�zg�	�

1. S(0, 0, 0) : limt→∞ x(t) = 0, limt→∞ y(t) = 0, limt→∞ y′(t) = 0;

2. S(b, a, 0) : limt→∞ x(t) = b = a
1−c , limt→∞ y(t) = a, limt→∞ y′(t) = 0, Sc a �= 0;

3. S(∞,∞, 0) : limt→∞ x(t) = ∞, limt→∞ y(t) = ∞, limt→∞ y′(t) = 0;

4. S(∞,∞, d) : limt→∞ x(t) = ∞, limt→∞ y(t) = ∞, limt→∞ y′(t) = d, Sc d �= 0.

89 g x(t) � (2) ��bofY��O�T limt→∞ x(t) = 0 �T x(t) �1"�
�%�.5� 1, � limt→∞ x(t) = 0 l� limt→∞ y(t) = 0, 0I limt→∞ y′(t) = 0. 9l
x(t) ∈ S(0, 0, 0). � x(t) �1"��%l�ofA y(t) > 0, Cp1ZofA y′(t) > 0,
y′′(t) < 0. '0 y(t) p/P���l limt→∞ y(t) = a (a > 0), O1/ limt→∞ y′(t) = 0,
�.5� 2 3 limt→∞ x(t) = a

1−c = b. 9l x(t) ∈ S(b, a, 0). �l limt→∞ y(t) = +∞,
.5� 2 3 limt→∞ x(t) = +∞ �U4 y′(t) /(�'0�TA limt→∞ y′(t) = 0 �TA
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limt→∞ y′(t) = d (d > 0). 9lA x(t) ∈ S(∞,∞, 0) �T x(t) ∈ S(∞,∞, d), �/*Z x(t)
�of.��V��Z6�

v: g {f(t)} � [t0,∞) c��mpu��l: [t0,∞) yY�A"bjW1mLB�
bjW1c'Apu�V�D6C ε > 0, O*UgyYp [t0,∞) F�Cpum {f(t)} �
�gA" ε YM�

C[t0,∞) c��mpu {f(t)} (‖f‖ = supt≥t0 |f(t)|) p7F2���l�p�8A,U
F$� ε > 0, [t0,∞) A�gF�Cm {f(t)} �A" ε YM [5].

v7 2 g (3) s (a) -	� |ci(t2) − ci(t1)| ≤ K|t2 − t1| (i ∈ Im). �l�L3b�u
K1 > K2 > 0 m

m∑
i=1

ci(t) exp(K1ri) > 1 ≥
m∑

i=1

ci(t) exp(K2ri) , (8)

U� t (Y�l-	(
m∑

i=1

ci(t) exp(K1ri) − 1

)
exp(−K1t)

≥
∫ ∞

t

(u − t)
n∑

j=1

fj(u, exp(−K2gj1(u)), · · · , exp(−K2gjl
(u)))du ,

(9)

O (2) �LofY� x(t) ∈ S(0, 0, 0).

89 g

S =




exp(−K1t) ≤ x(t) ≤ exp(−K2t) UA
x(t) ∈ C[t0,∞) :

|x(t2) − x(t1)| ≤ L|t2 − t1|, t2 ≥ t1 ≥ t0


 ,

Sc�u L ≥ max{K,K1}.
�� CB ;o [t0,∞)cY9A,�!pun-�pu41�LSc�:Ou ‖x‖ = supt≥t0

|x(t)|, O CB p�b Banach 41�51;Z S p CB c�V4A,<<6��51;Z�
F$� ε > 0, [t0,∞) A�gF�C S �A" ε YM�'0 S �p2��7&

f(u, x(g(u)) =
n∑

j=1

fj(u, x(gj1(u)), · · ·, x(gjl
(u))),

f(u, exp(−K2g(u))) =
n∑

j=1

fj(u, exp(−K2gj1(u)), · · ·, exp(−K2gjl
(u))) .

�: S c�=e���

(Mx)(t) =




m∑
i=1

ci(t)x(t − ri) −
∫ ∞

t

(u − t)f(u, x(g(u)))du, t ≥ T

exp
(

ln(Mx)(T )
T t

)
, t0 ≤ t < T ,

(10)
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Sc T (Y�m� t ≥ T l (9) -	UFX�� α, 1 − δ < α < 1, A
∫ ∞

T

f(u, exp(−K2g(u)))du ≤
(

α −
m∑

i=1

ci(t)

)
L , (11)

α +
m∑

i=1

exp(−K2(t − ri)) ≤ 1 . (12)

(i) g x ∈ S. � t ≥ T l� � (8) s (9) 3

(Mx)(t) ≤
m∑

i=1

ci(t)x(t − ri) ≤
m∑

i=1

ci(t) exp(−K2(t − ri)) ≤ exp(−K2t) ,

(Mx)(t) ≥
m∑

i=1

ci(t) exp(−K1(t − ri)) −
∫ ∞

t

(u − t)f(u, exp(−K2g(u)))du

= exp(−K1t) +

(
m∑

i=1

ci(t) exp(K1ri) − 1

)
exp(−K1t)

−
∫ ∞

t

(u − t)f(u, exp(−K2g(u)))du ≥ exp(−K1t),

Cp
K2 ≤ − ln(Mx)(T )

T
≤ K1 . (13)

. (10)1/ (Mx)(t)L [t0,∞)c�!U exp(−K1t) ≤ (Mx)(t) ≤ exp(−K2t). � t2 ≥ t1 ≥ T

l�. (11) s (12) 3

|(Mx)(t1) − (Mx)(t2)|

≤
[

m∑
i=1

(ci(t2) + exp(−K2(t1 − ri)))L +
∫ ∞

t1

f(u, exp(−K2g(u)))du

]
|t2 − t1|

≤
[

m∑
i=1

exp(−K2(t1 − ri)) + α

]
L|t2 − t1| ≤ L|t2 − t1| .

. (10) s (13) � �
Yc>��/c�=nF t0 ≤ t1 ≤ t2 ≤ T �-	�g Mx ∈ S. 0
I MS ⊂ S p7F26�

(ii) g xk ∈ S U limk→∞ ‖xk − x‖ = 0, O x ∈ S. � t ≥ T l�

|(Mxk
)(t) − (Mx)(t)|

≤
m∑

i=1

ci(t)‖xk − x‖ +
∫ ∞

T

(u − T )|f(u, xk(g(u))) − f(u, x(g(u)))|du

≤(1 − δ)‖xk − x‖ +
∫ ∞

T

(u − T )|f(u, xk(g(u))) − f(u, x(g(u)))|du .

(14)

. Lebesgue 8?r!��3
lim

k→∞
(sup
t≥T

|(Mxk
)(t) − (Mx)(t)|) = 0 . (15)
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1Z
sup

t0≤t≤T
|(Mxk

)(t) − (Mx)(t)| ≤ | ln(Mxk
)(T ) − ln(Mx)(T )| . (16)

. (15) s (16) 1Z limk→∞ ‖Mxk
− Mx‖ = 0. g M �!�

. Schauder �A$��*/ M L S cA�A$ x(t). �p (2) ��bofY��4
limt→∞ x(t) = 0, .5� 1 1/ x(t) ∈ S(0, 0, 0). Z6

v7 3 g (3) s (a) -	� limt→∞
∑m

i=1 ci(t) = c (0 ≤ c < 1), O (2) �LVVA�
x(t) ∈ S(b, a, 0) (b �= 0, a �= 0) �(Y)*)#p

∫ ∞
u

∣∣∣∣∣∣
n∑

j=1

fj(u, b1, · · ·, b1)

∣∣∣∣∣∣ du < ∞ FFb b1 �= 0 . (17)

89 9m��� 2 ZEc�7&>r��j�5��g x(t) ∈ S(b, a, 0) � (2) �of
Y��.�� 1 / b > 0, a > 0. . (2) 13

y(t) = y(T ) +
∫ t

T

(u − T )f(u, x(g(u)))du +
∫ ∞

t

(t − T )f(u, x(g(u)))du , (18)

X T (Y�m x(gjh
(u)) ≥ b1 = b

2 (j ∈ In, h ∈ Il). . (a) s (18) 13
∫ ∞

T

(u − T )
n∑

j=1

fj(u, b1, · · ·, b1)du ≤ a − y(T ) < ∞ .

.cn*@3 (17) -	��/*Z x(t) �of.��V���Z(Y���Ug b1 > 0. X
Y�u A m 0 < A < (1 − c)b1. 4 (17) -	�*X T (Y�m� t ≥ T lA

A

b1
+

m∑
i=1

ci(t) +
1
b1

∫ ∞

T

u

n∑
j=1

fj(u, b1, · · ·, b1)du ≤ 1 . (19)

�:=e���

(Mx)(t) =




A +
m∑

i=1

ci(t)x(t − ri) +
∫ t

T

uf(u, x(g(u)))du

+
∫ ∞

t

tf(u, x(g(u)))du, t ≥ T ,

(Mx)(T ), t0 ≤ t < T .

(20)

: x0(t) = 0, xk(t) = (Mxk−1)(t), t ≥ t0, k = 1, 2, · · ·. . (a)su�iHM1Z 0 ≤ xk−1(t) ≤
xk(t), t ≥ t0. ��RD� x1(t) ≤ b1, t ≥ t0. �g xk(t) ≤ b1, t ≥ t0, O� t ≥ T l� �
(19) 13

xk+1(t) ≤

A

b1
+

m∑
i=1

ci(t) +
1
b1

∫ ∞

T

u

n∑
j=1

fj(u, b1, · · ·, b1)du


 ≤ b1 .
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.iHM/ xk(t) ≤ b1, t ≥ t0, k = 1, 2, · · ·. g limk→∞ xk(t) = x(t) ≤ b1. . Lebesgue r!
���L xk(t) = (Mxk−1)(t) c: k → ∞, ?3 x(t) = (Mx)(t). 1/ x(t) p (2) ��bY
��4 A ≤ x(t) ≤ b1, .�� 1 / x(t) ∈ S(b, a, 0). �/*Z b1 < 0 �V��Z6�

v7 4 g (3) s (a) -	� limt→∞
∑m

i=1 ci(t) = c (0 ≤ c < 1). �l

∫ ∞
∣∣∣∣∣∣

n∑
j=1

fj(u, d1gj1(u), · · ·, d1gjl
(u))

∣∣∣∣∣∣ du < ∞ FFb d1 �= 0 , (21)

s ∫ ∞
u

∣∣∣∣∣∣
n∑

j=1

fj(u, b1, · · ·, b1)

∣∣∣∣∣∣ du = ∞ FFb b1, b1d1 > 0 , (22)

-	�O (2) �LVVA� x(t) ∈ S(∞,∞, 0).
89 �Ug d1 > 0, b1 > 0. K7&

f(u, g(u)z(g(u))) =
n∑

j=1

fj(u, gj1(u)z(gj1(u)), · · ·, gjl
(u)z(gjl

(u))) ,

f(u, d1g(u)) =
n∑

j=1

fj(u, d1gj1(u), · · ·, d1gjl
(u)) .

X T (Y�m� t ≥ T l�

b1

td1
+

m∑
i=1

ci(t) +
1
d1

∫ ∞

T

f(u, d1g(u))du < 1 . (23)

�:=e�

(Mz)(t) =




b1
t +

m∑
i=1

ci(t)
t − ri

t
z(t − ri) +1

t

∫ t

T

uf(u, g(u)z(g(u)))du

+
∫ ∞

t

f(u, g(u)z(g(u)))du, t ≥ T .

(Mz)(T ), t0 ≤ t < T .

(24)

: z0(t) = 0, zk(t) = (Mzk−1)(t), t ≥ t0, k = 1, 2, · · ·. �/�� 3 1Z limk→∞ zk(t) = z(t) ≤
d1. : x(t) = tz(t), O x(t) � (2) �Y�U x(t) ∈ S(∞,∞, 0). Z6�

v7 5 g (3) s (2) -	� limt→∞
∑m

i=1 ci(t) = c (0 ≤ c < 1), O (2) �LVVA�
x(t) ∈ S(∞,∞, d) (d �= 0) �(Y)*)#p

∫ ∞
∣∣∣∣∣∣

n∑
j=1

fj(u, d1gj1(u), · · ·, d1gjl
(u))

∣∣∣∣∣∣ du < ∞ FFb d1 �= 0 . (25)

89  �5� 2 1Z)*���Z(Y���Ug (25) c� d1 > 0. X H > 1, d > 0
m Hd

1−c ≤ d1. X(Y�� T m t ≥ T l

1 − c

H
+

m∑
i=1

ci(t) +
1 − c

Hd

∫ ∞

T

f(u, d1g(u))du < 1 ,
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�:=e

(Mz)(t) =




d +
m∑

i=1

ci(t)
t − ri

t
z(t − ri) +1

t

∫ t

T

uf(u, g(u)z(g(u)))du

+
∫ ∞

t

f(u, g(u)z(g(u)))du, t ≥ T

(Mz)(T ), t0 ≤ t < T .

: z0(t) = 0, zk(t) = (Mzk−1)(t), k = 1, 2, · · ·. SD�/�� 4 �ZE�Z6�

§3. ;<
= 1 X K1 = 1, K2 = 1

4 , OR

[
x(t) − 1

4
x(t − 1) − 1

4
x(t − 2)

]′′
+

1
t
x5

(
t − 4

5

)
= 0, t ≥ t0 > 0 , (26)

�l�� 2 �)#�g�LVVA� x(t) ∈ S(0, 0, 0).
= 2 0;R
[

x(t) − 1
3
| sin t|x(t − r1) − 1

3
(1 − | sin t|)x(t − r2)

]′′
+

1
t3

x3(g(t)) = 0 , (27)

Sc t ≥ t0 > 0, g(t) ∈ C[t0,∞), limt→∞ g(t) = ∞, r1 > 0, r2 > 0. (27) �l�� 3 �)#�
g�LVVA� x(t) ∈ S(b, a, 0).

= 3 0;R
[
x(t) −

m∑
i=1

cix(t − ri)

]′′
+

1
t2

x
1
3 (t − σ) = 0, t ≥ t0 > 0 , (28)

Sc ci, ri <�Y�uU ∑m
i=1 ci < 1, σ ��u�X d1 = b1 = 1, O (28) �l�� 4 s 5

�)#�g=�LVVA� x(t) ∈ S(∞,∞, 0) ��LVVA� x(t) ∈ S(∞,∞, d).
> R
 (1) pR
 (2) �EsV��'0 [3] c�VVA��L��*p������

3–5 �@�3'�����l�@C� [4] G'��b���
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