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!
 KKM "#$%H%&#$'()(*+,-
� X �iBy�
2X &' X �i(.��/V F(x)& X �i(BywY.��/	

�Q D �M
ye Y �i.�
' D �mt (()�
�Q) Y �)iBym.� C, D∩C

	 C ��t (() �	� F : D ⊂ X → 2Y �is*
0S��ms* F−1 : Y → 2D �V�

F−1(y) = {x ∈ D : y ∈ F (x)}, ∀y ∈ Y.
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	 Horvath[13] �L5,-V
 Bardaro V Ceppitelli[14] o-��VG.	
' (X, {FA}) O H– ye
�Q X �iM
yeV {FA} �v A ∈ F(X) .U�Byv

/.�/0�)/ A,A′ ∈ F(X) V A ⊂ A′, w FA ⊂ FA′ . S�1 X �.� L ��

(i) H– J�
�Q))i A ∈ F(L), FA ⊂ L;
(ii) 2 H– J�
�Q))i A ∈ F(L), FA ∩ L �iv/�0

(iii) H–m�
�Q))i B ∈ F(X), �	 X �im2 H–J.� LB 0� L∪B ⊂ LB.

' F : D ⊂ X → 2X O H − KKM s*
�Q))i A ∈ F(D), FA ⊂ ∪x∈AF (x).
V3o�� Horvath[14] �T I.1 �4NFo	
B6 2.1 � D � H– ye (X, {FA}) �By.�
s* F : D → 2X 0�

(a) F � H-KKM s*


(b) ))i x ∈ D, F (x) �(�&)5 x0 ∈ D, F (x0) �m�
0 ∩x∈DF (x) �= ∅.
76 2.2 � D � H– ye (X, {FA}) �By.�
 Y �M
yeV G : D → 2Y 0�

(a) ))i x ∈ D, G(x) �mt�

(b) �	18�bs* S : X → Y 0�v T (x) = S−1(G(x)) �m�s* T : D → 2X �

H − KKM s*


(c) �	 X � H– m.� L V Y �m.� K 0�))i B ∈ F(D) V))i y ∈
S(LB) \ K, �	 x ∈ LB ∩ D 69 y �∈ G(x) ∩ S(LB). 0 K ∩ ∩x∈XG(x) �= ∅.

G: ))i x ∈ D, 7 G1(x) = G(x) ∩ K, 0 G1(x) � K �(.�	S�i��/
{G1(x) : x ∈ D} wwYj�;	nO L � H– m�
))i B ∈ F(D), LB � X �m2 H–
J.�& L ∪ B ⊂ LB 0�))i y ∈ S(LB) \ K, �	 x ∈ LB ∩ D 69 y �∈ G(x) ∩ S(LB).
X	S��ms* F : D ∩ LB → 2LB �V�

F (x) = T (x) ∩ LB = S−1(G(x)) ∩ LB, ∀x ∈ D ∩ LB ,

0S�wV8�;�
(1) v LB �2 H– J�
 (LB, {FA ∩ LB}) �i H– ye

(2)))i A ∈ F(D∩LB) ⊂ F(D), FA ⊂ ∪x∈AT (x),&n2 FA∩LB ⊂ ∩x∈A(T (x)∩LB) =

∪x∈AF (x). M F � H − KKM s*	

(3)n S �bV LB � X �m.�
S(LB)� Y �im.�	n2 G(x)∩S(LB)	 S(LB)
��(�	v S ��b�
S−1(G(x)∩S(LB)) � D �(.�	v2K�))i x ∈ D∩LB,

F (x) = S−1(G(x)) ∩ LB = S−1(G(x) ∩ S(LB)) ∩ LB

� LB �im.�	
vo� 2.1, ∩x∈D∩LBF (x) �= φ. 9: y ∈ ∩x∈D∩LBF (x), S�w

S(y) ∈
⋂

x∈D∩LB

(G(x) ∩ S(LB)).

vc� (c), S�3w

S(y) ∈
⋂

x∈D∩LB

(G(x) ∩ S(LB)) ⊂
⋂

x∈D∩LB

(G(x) ∩ K)

⊂
⋂

x∈B

(G(x) ∩ K) =
⋂

x∈B

G1(x).
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 p���/ {G1(x) : x ∈ D} wwYj�;	v K �m�
 ∩x∈DG1(x) �= φ, b� K ∩
∩x∈DG(x) �= φ.

I 2.1 @ku�Gg (c) "dyV3Gg�
(c1) �	 X � H– m.� L V Y �m.� K 0�))i B ∈ F(D),

⋂
x∈D∩LB

(G(x) ∩ S(LB)) ⊂ K.

n2�� 2.2 KN� Bardaro V Ceppitelli 	 [13,15] ���� 1. S�h<l>	Gg (a)
V
Gg (c1) ?V8GgAR��	 X � H– m.� L 0� ∩x∈D∩LG(x) � Y �m.�	
nO)iIv Lassonde[9] o-�Jye@� H– ye
�� 2.2 h	K2�c�VKN�
Lassonda[9] ��� I V Park[10] ��� 6 > H– ye	

76 2.3 � D � H– ye (X, {FA}) �By.�
 Y �M
yeV A,B : D → 2Y 0�

(a) ))i y ∈ Y, B−1(y) �= φ V))i E ∈ F(B−1(y)), FE ⊂ A−1(y),
(b) ))i x ∈ D, B(x) 	 Y ��mt�

(c) �	 X � H– m.� L V Y �m.� K 0�))i B ∈ F(D) V)i y ∈ Y \ K,

�	 x ∈ D ∩ LB 69 y ∈ B(x), 0)9W18�bs* S : X → Y, �	 x0 ∈ D 0�

S(x0) ∈ A(x0).
G: �ms* G : D → 2Y �V�

G(x) = Y \ B(x), ∀x ∈ D.

)9J18�bs* S : X → Y, �ms* F : D → 2X �V�

F (x) = S−1(G(x)), ∀x ∈ D.

�Q F � H −KKM s*
vGg (b) V (c), @kf��� 2.2 �i(Ggi?69	n2
⋂

x∈D

G(x) =
⋂

x∈D

(Y \ B(x)) = Y \
⋃

x∈D

B(x) �= φ.

CGg (a)AR Y = ∪x∈DB(x),S��>BE
n2 F !� H−KKM s*V�	 E ∈ F(D)
V x0 ∈ FE 0� x0 �∈ ∪x∈EF (x) = ∪x∈ES−1(G(x)). v2K�

S(x0) �∈
⋃

x∈E

G(x) =
⋃

x∈E

(Y \ B(x)).

n2 S(x0) ∈ B(x), ∀x ∈ E V E ⊂ F(B−1(S(x0))). v (a), FE ⊂ A−1(S(x0)) &n2 x0 ∈
A−1(S(x0)) V S(x0) ∈ A(x0).

I 2.2 �� 2.3FoVKN� BardaroV Ceppitelli [4,�� 1], Ben-El-Mechaiekh, Deguire
V Granas [5, �� 1], Browder [6, �� 1], Fan [16, o� 4; 17, �� 2], Ko V Tan [8, �� 3.1],
Lassonde [9, �� 1.1], Park [10, �� 6], Simons [11, �� 4.3] V Takahashi [12, �� 2 V 5].

V3kQ��� 2.3 �"dHC	
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76 2.4 � D � H– ye (X, {FA}) �By.�
 Y �M
yeV Z �9l�	7

M,N ⊂ Z V f, g : D × Y → Z �FIs*0�

(a) ))i y ∈ Y, � {x ∈ D : f(x, y) ∈ M} ByV))i E ∈ F({x ∈ D : f(x, y) ∈ M}),
FE ⊂ {x ∈ D : g(x, y) ∈ N}.

(b) ))i x ∈ D, � {y ∈ Y : f(x, y) ∈ M} �mt�	
(c) �	 X � H– m.� L V Y �m.� K 0�))i B ∈ F(D) V))i y ∈ Y \K,

�	 x ∈ D ∩ LB 69 f(x, y) ∈ M, 0)9W18�bs* S : X → Y, �	 x0 ∈ D 0�

g(x0, S(x0)) ∈ N.

I 2.3 �� 2.4 KN� Bardaro-Ceppitelli [4], Browder [6], Lassonde [9], Yu [18] V Fan
[17] "%�ZqkQ	

V3wt��"��!"#��� 2.4 �CP[\	

76 2.5 � D � H– ye (X, {FA}) �By.�V Y �M
ye	7 f, g : D × Y → IR

�FI]8S�0�
(1) �	18�bs* S : X → Y 0�)i( x ∈ D, g(x, S(x)) ≤ 0,

(2) ))i x ∈ D, s* y 
→ f(x, y) 	 Y �)im.�
�V��b�

(3) ))i y ∈ Y V)i E ∈ F({x ∈ D : f(x, y) > 0}),

FE ⊂ {x ∈ D : g(x, y) > 0},

(4) �	 X � H– m.� L V Y �m.� K 0�))i B ∈ F(D) V))i y ∈ Y \K,

�	 x ∈ D ∩ LB 69 f(x, y) > 0.

0�	 ŷ ∈ K 0�)i( x ∈ D, f(x, ŷ) ≤ 0.

I 2.4 �� 2.5 KN� Ding–Tan[7], Shih–Tan[19], Fan[1,17], Tan[20] V Allen[21] �Zq
kQ	

=
>(*? H– @E[\]^E`
� D � H– ye (X, {FA}) �i.�	]8S� f : D → IR ?1O� H– ���
�Q

))i r ∈ IR, � {x ∈ D : f(x) > r} � H– J�	

S�agV3o�	

B6 3.1 7 X �i�Pye
K � X �(.�V U � X �t.�	c� α : K → [0, 1]
��bS�0� supp α ⊂ U ∩ K. 0�	 α ��bY{ α̃ : X → [0, 1] 0� supp α̃ ⊂ U.

G: n X ��P�
v Tietze Y{��
S�w α ��bY{ α1 : X → [0, 1]. n supp
α ⊂ U, S�^|>it� V 0� supp α ⊂ V ⊂ V ⊂ U. v Uryshon o�
�	�bS�
β : X → [0, 1]0�)i( x ∈ V, β(x) = 1V)i( x ∈ X \U, β(x) = 0,0 α̃(x) = α1(x) ·β(x)
Aag� α �Y{	

76 3.2 7 (X, {FA}) � Hausdorff H– yeV X̂ = {f : X → IR| f �
��bV H– �
�� }. c�

(1) ))i x ∈ X, G(x) � X̂ �iByJ.�

(2) ))i f ∈ X̂, G−1(f) 	 X  �mt�
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(3) �	 X � H– m.� L V X �m.� K 0�))i B ∈ F(X), z ∈ X \ K V

f ∈ G(z),
f(z) < max{f(x) : x ∈ LB},

0�	 ẑ ∈ K V f̂ ∈ G(ẑ) 0� f̂(ẑ) = max{f̂(x) : x ∈ X}.
G: nO))i x ∈ X, G(x)By
�	 fx ∈ X̂ 0� x ∈ G−1(fx).vGg (2).{G−1(fx) :

x ∈ X} � X �imtEH	n K � X �m.�
�	wYIS� f1, · · · , fn ∈ X̂ 0�

K ⊂ ∪n
i=1G

−1(fi). 7 {αi}n
i=1 �]`y {G−1(fi) ∩ K}n

i=1 ��b1PCl0�

(a) supp αi ⊂ G−1(fi) ∩ K V
∑n

i=1 αi(x) = 1, ∀x ∈ K. ))i x ∈ K, �m ϕx =∑n
i=1 αi(x)fi, 0S�w

(b) ))i y ∈ X, S� x → ϕx(y) 	 K 
�b


(c) S� x 
→ ϕx(x) 	 K 
�
��b�	

nO L � H– m�
))i B ∈ F(X), 7 LB �69 L∪B ⊂ LB �im2 H– J.�

0 (LB, {FA∩LB})�im H–ye	vGg (1)V (2),S�wwYIS� fn+1, · · · , fn+k ∈ X̂

0� LB ⊂ ∪k
j=1G

−1(fn+j). n LB ∪ K � Hausdorff M
ye X �m.�
MB��P�	
X	]o� 3.1 K�))i i = 1, · · · , n, �	 αi �i�bY{ α̃i : LB ∪ K → [0, 1] 0�

supp α̃i ⊂ G−1(fi) ∩ (LB ∪ K).

7 L1 = {x ∈ LB :
∑n

i=1 α̃i(x) = 0} V7 Un+j = G−1(fn+j) ∩ (LB \ K), j = 1, · · · , k, 0
L1 ⊂ ∪k

j=1Un+j . n2S�w�m	 L1 
��b1PCl {αn+j}k
j=1 69

(d) supp αn+j ⊂ Un+j ∩ L1, j = 1, · · · , k V))i x ∈ L1,
∑k

j=1 αn+j(x) = 1. xvo�
3.1))i j = 1, · · · , k, �	 αn+j ��bY{ α̃n+j : LB ∪K → [0, 1] 0� supp α̃n+j ⊂ Un+j .

v (a) V (d), S�w
∑n+k

i=1 α̃i(x) �= 0, ∀x ∈ LB ∪ K. X	))i i = 1, · · · , n + k, �m

βi : LB ∪ K → [0, 1] �V�

βi(x) = α̃i(x)
/n+k∑

j=1

α̃j(x).

0�bS� βi, i = 1, · · · , n + k 69�
(e) supp βi ⊂ G−1(fi), ∀i = 1, · · · , n + k,

(f) ))i x ∈ K, / i = 1, · · · , n � βi(x) = αi(x) V/ j = 1, · · · , k � βn+j(x) = 0,
(g) ))i x ∈ LB ∪ K,

∑n+k
i=1 βi(x) = 1.

))i x ∈ LB, �m ϕ̃x =
∑n+k

i=1 βi(x)fi, 0v (e),(g) VGg (1), ))i x ∈ LB, ϕ̃x ∈
G(x) & ϕ̃x � X 
�
��b H– ��S�	Aj	 (b) V (c) �
/ ϕ̃x V LB _F ϕx V

K �
 (b) V (c) ��O`	<l> (f) AR))i x ∈ LB ∩ K, ϕ̃x = ϕx.

X	))i (x, z) ∈ LB × LB , �m

g(x, z) = ϕ̃z(x) − ϕ̃z(z),

0S� g : LB × LB → IR wV8�;�
(i) ))i x ∈ LB, g(x, x) = 0,
(ii) ))i x ∈ LB, S� z → g(x, z) 	 LB 
�V��b�
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(iii) nO))i z ∈ LB , ϕ̃z � H– ���
� {x ∈ LB : g(x, z) > 0} � H– J�	
<l> (LB, {FA ∪ LB}) �m H– ye
]qw D = X = Y = L = K = LB, f ≡ g V S

�Y"s*��� 2.5 K��	 z̄ ∈ LB 0� g(x, z̄) ≤ 0 )i( x ∈ LB O`
bw

(h) ϕ̃z̄(x) ≤ ϕ̃z̄(z̄), ∀x ∈ LB.

X	))i x ∈ X, 7 A(x) = {z ∈ K : ϕz(x) ≤ ϕz(z)}. v (h), ))i B ∈ F(X),

z̄ ∈
⋂

x∈LB

A(x) ⊂
⋂

x∈B

A(x),

&n2/ {A(x) : x ∈ X} wwYj�;	nO K �m�
S�3w ẑ ∈ ∩{A(x) : x ∈ X}. 7
f̂ = ϕẑ ∈ G(ẑ), 0

f̂(ẑ) = max{f̂(x) : x ∈ X}.
���h	

I 3.1 nOM
��ye�)iJ.�� H– ye
Aj�� 3.2 FoVKN� Bel-
lenger[3] ��� 1 &zwc� X ��m�	n2�� 3.2 IiVKN� Fan[1], Simons[2] V
Bellenger[3] �ZqkQ�&x�#l$� Bellenger[3] D����ls�RE	
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