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k G w IRm �PIMx�St�Q
� G×G jPb�Y K(x, y) nRL�Q
P� K1(x, y) nsPmK	Hy�e�i K1(x, y) PgNqnb�P�� K(x, y) P
H��w λn(K) = o(n−1−1/m); i K1(x, y) d� α � Lipschitz u
�� λn(K) =
O(n−1−α/m); i K1(x, y)PgNqd� α� Lip-u
�� λn(K) = O(n−1−(1+α)/m).
y [3,4,5] ��VQa�njp�W� m = 1 lPvc	

���
H���Z�r	���z	

§1. ��A��
�V�� G
� IRm ����U��L [0, 1]×· · ·×[0, 1], G���hR (x1, · · · , xm) = x.

W�C 2m F����T K(x, y) ∈ L2(G×G) �������f�G� x, y ∈ G,

K(x, y) = K(y, x).

�G� [1], !"T	����E# K :

Kf(x) =
∫

G

K(x, y)f(y)dy1 · · · dym

� L2(G) ��s��E#�I�rF
$����%&
 {λn(K)}. �O�i�T
K(x, y) �����d��X f ∈ L2(G),

∫∫
GG

K(x, y)f(y)f̄(x)dx1 · · · dxmdy1 · · · dym ≥ 0,

��!b�%&����	��t����Mc���%&
 {λn(K)} 
$��D�	'
m = 1 �k���� H.Weyl[2] �rF(�qO��� K(x, y) ∈ C1([0, 1] × [0, 1]) �����
) λn(K) = o(n−3/2), Z� J.B.Reade[3] Bt� H.Weyl �qO�H*���O�i� K(x, y)
�����) λn(K) = o(n−2). 'V [4] � J.B.Reade �H���+ α p Lipschitz Ml��
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���T K(x, y) ��%&R λn(K) = O(n−1−α). 0u J.A.Cochran W M.A.Lukas[5] *��
�����T K(x, y) ��&�''(��+ α p Lipschitz Ml�) λn(K) = O(n−2−α). V
[6,7] J � Hp !��T�e1b"�%&�mu�)	

#$V [2–7] ����T�� 2 F�������JYQ *��T� 2m F����
��	�VJ �w' Rm ����U��L G #�����T��%&�mu�)	V
[3,4,5] ���M�%��+��V�% 1,2,3 ' m = 1 &�P 	

§2. 2G�3
W� * [1], Hilbert ,j H ��s��E# T o4-!���I��%&


{λn(T )} �+ ∑∞
1 |λn(T )| <∞, !& T �-.�5-�+�wR


||T ||tr =
∞∑
1

|λn(T )|,

tr(T ) =
∞∑
1

(Ten, en),

!' ( , ) � H ��(�� {en} � H ��r6nNE/0	K+����-!E#�-.
�5I�-)1	

*��%&�aaa2e1�W�3+*�,-�
78 1 . T � Hilbert ,j H ��-!E#�R � N 9��r��E#�) T −R �

-!��� ∞∑
N+1

|λn(T )| ≤ ||T −R||tr. (1)

i.�w' G × G #�����T K(x, y) �/h��$�s Mercer[8] �%� K(x, y)
	����E# K � L2(G) ��-!E#�I�-R

tr(K) =
∫

G

K(x, x)dx1 · · · dxm. (2)

0uo*� K ��1�IE# S = K1/2 2�,T	�


S(x, y) =
∞∑
1

λ
1
2
n (K)φn(x)φ̄n(y),

!' φn(x) �E# K )z$ λn(K) ��%S��e��' L2(G) �34	
4 Rm ���r�5: G �v�D� N F#5: G1, · · · , GN , hI��L��+R �1,

· · · ,�N , 6

ψi(x) =
{

1, x ∈ Gi

0, "I��,
i = 1, · · · , N.

R(x, y) =
N∑
1

1
∆i
ψi(x)ψi(y).
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89T R(x, y) � N 9����I	����E#hR R.

78 2 E# SRS � N 9����6�

||K − SRS||tr =
1
2

N∑
1

1
∆i

∫∫
GiGi

[K1(x, x) +K1(y, y) − 2K1(x, y)]dx1 · · · dxmdy1 · · · dym, (3)

!' K1(x, y) � K(x, y) ��7	
E; SRS �TR∫∫

GG

S(x, u)R(u, v)S(v, y)du1 · · · dumdv1 · · · dvm

=
N∑
1

1
∆i

∫
Gi

S(x, u)du1 · · · dum

∫
Gi

S(y, v)dv1 · · · dvm ,

0u8��I� N 9����Iy-��w�vPk��gE9 �

tr(SRS) =
N∑
1

1
∆i

∫∫
GiGi

K(x, y)dy1 · · · dymdx1 · · · dxm (4)

,-*�E# K-SRS����	:�#��� ( , )
� L2(G)�(������v g ∈ L2(G),
2 Schwarz 31; �

(Rg, g) =
N∑
1

1
∆i

∣∣∣∣
∫

Gi

g(x)dx1 · · · dxm

∣∣∣∣
2

≤ (g, g).

Gt��v f ∈ L2(G) �
(SRSf, f) ≤ (Sf, Sf) = (Kf, f)

:( K − SRS ����	sy% 1, I��-!��Gt

||K − SRS||tr = tr(K − SRS) = tr(K) − tr(SRS).

4 (2) 5 (4) ;;<#;d<


||K − SRS||tr =
1
2

N∑
1

1
∆i

∫∫
GiGi

[K(x, x) +K(y, y) − 2K(x, y)]dx1 · · · dxmdy1 · · · dym. (5)

!'*���
∫

G

K(x, x)dx1 · · · dxm =
1
2

N∑
1

1
∆i

∫∫
GiGi

[K(x, x) +K(y, y)]dx1 · · · dxmdy1 · · · dym.

. K2(x, y) � K(x, y) �f7�<v= K2(x, y) = −K2(y, x) 9<�∫∫
GiGi

[K2(x, x) +K2(y, y) − 2K2(x, y)]dx1 · · · dxmdy1 · · · dym = 0,



2 � Qm!"CT-#U$%./ 191

$�2 (5) ;=< (3) ;�y%*>	

§3. =>
>'g$�V�qO	
?8 1 i.�w' G×G #�����T K(x, y) �/h��I��7 K1(x, y) ��&

�''(�/h���
λn(K) = o(n−1−1/m) (n→ ∞). (6)

E; Iy K1(x, y) ��&��/he���H� ε > 0, 9? δ(ε) > 0, @? 0 < δ < δ(ε)
&���+ |xj − uj | < δ, |yj − vj | < δ (j = 1, · · · ,m) �G� x, y, u, v ∈ G ��

m∑
1

∣∣∣∣∂K1

∂xj
(x, y) − ∂K1

∂xj
(u, v)

∣∣∣∣ < ε.

'�V�� ∂K1
∂xj

(u, v) (j = 1, · · · ,m) 
� K1(x, y) M$ xj ��&�' x = u, y = v @@&�
?�9� L, @

L−1 < max{δ(ε), 21/m − 1}.

6 N = Lm, 4 G 1�� N FF�R L−1 � m S��L G1, · · · , GN , ��I��L��1

$ N−1. $�sy% 2 W��

||K − SRS||tr =
1
2

N∑
1

N

∫∫
GiGi

[K1(x, x) +K1(y, y) − 2K1(x, y)]dx1 · · · dxmdy1 · · · dym, (3a)

2$NF Gi(i = 1, 2, · · · , N) ��O��Gt��v x, y ∈ Gi, *� K1(x, y) = K1(y, x) W�
X[�K;9<

K1(x, x) +K1(y, y) − 2K1(x, y) =
m∑
1

[
∂K1

∂xj
(y + θ(x− y), x)

− ∂K1

∂xj
(y + θ′(x− y), y)

]
(xj − yj),

"� 0 < θ, θ′ < 1. x(

K1(x, x) +K1(y, y) − 2K1(x, y)

≤
m∑
1

∣∣∣∣∂K1

∂xj
(y + θ(x− y), x) − ∂K1

∂xj
(y + θ′(x− y), y)

∣∣∣∣|xj − yj | < L−1ε.
(7)

4 (7) ;;< (3a) ;�\*�y% 1 d<�

∞∑
N+1

λl(K) ≤ 1
2
L−1ε, (8)
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:( ∞∑
N+1

λl(K) < N−1/mε. (9)

,-*����X�9� n > N ,(9) ;q�=	:�#�?�9� L1, @ Lm ≤ Lm
1 ≤ n <

(L1 + 1)m. $�: L �?A � L−1
1 ≤ L−1 < 21/m − 1, :(

2Lm
1 > (L1 + 1)m > n. (10)

[4 G 1�� Lm
1 FF�R L−1

1 � m S��L�\4"�� (n− Lm
1 ) F�D� 2(n− Lm

1 )
F)1� m S��L	!p4 G �D��O#5:�F�R

2(n− Lm
1 ) + (2Lm

1 − n) = n,

"�NF#5:lG]L^�6w ≤ L−1
1 < δ(ε), $�_A2 (3a) ;= (8) ;�*�PVx

<=� ∞∑
n+1

λl(K) ≤ 1
2
L−1

1 ε. (11)

2 (10) ;u �
L−1

1 <

(
2
n

)1/m

. (12)

4 (12) ;;<= (11) ;)��
∞∑

n+1

λl(K) < n−1/mε (n > N),

!
� ∞∑
n+1

λl(K) = o(n−1/m) (n→ ∞).

2[d (6) ;�=	�%*>	
?8 2 i.�w' G×G #�����T K(x, y) �/h��I��7 K1(x, y) �+ α

p Lipschitz Ml�d''\� C > 0, @��X x, y ∈ G �

|K1(x, x) −K1(x, y)| < C|x− y|α, (13)

!' 0 < α ≤ 1, |x− y| = {|x1 − y1|2 + · · · + |xm − ym|2}1/2, )

λn(K) = O(n−1−α/m) (n→ ∞). (14)

E; ?�9� L, @

L−1 < 21/m − 1,
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6 N = Lm, 4 G 1�� N FF�R L−1 � m S��L G1, · · · , GN . $�2y% 2 <�

||K − SRS||tr =
1
2

N∑
1

N

∫∫
GiGi

[K1(x, x) +K1(y, y) − 2K1(x, y)]dx1 · · · dxmdy1 · · · dym. (3b)

<v= K1(x, y) = K1(y, x), *�Ml (13), )? x, y ∈ Gi(i = 1, · · · , N) &�

K1(x, x) +K1(y, y) − 2K1(x, y) ≤ 2C|x− y|α ≤ 2Cmα/2L−α. (15)

4 (15) ;;< (3b) ;�\*�y% 1 d<�

∞∑
N+1

λl(K) ≤ Cmα/2L−α, (16)

:( ∞∑
N+1

λl(K) < 2α/mCmα/2N−α/m. (17)

,-*����X�9� n > N , (17) ;q�=	:�#�?�9� L1, @

Lm ≤ Lm
1 ≤ n < (L1 + 1)m,

\�% 1 �*��]]�rp�W�`^4 G �D� n FO#5:�@<NF#5:lG
]L^�6w ≤ L−1

1 , _A2 (3b) ;= (16) ;�*�PV)��
∞∑

n+1

λl(K) ≤ Cmα/2L−α
1 ,

<v= L−1
1 < ( 2

n )1/m d=<

∞∑
n+1

λl(K) < 2α/mCmα/2n−α/m (n > N).

2[9 (14) ;�=��%*>	
?8 3 i.�w' G×G #�����T K(x, y) �/h��I��7 K1(x, y) ��&

�''(��+ α p Lipschitz Ml�d''\� C > 0, @<��X x, y ∈ G �

m∑
1

∣∣∣∣∂K1

∂xj
(x, y) − ∂K1

∂xj
(u, v)

∣∣∣∣ < C{|x− u|α + |y − v|α}. (18)

"� 0 < α ≤ 1, |x− u| = {|x1 − u1|2 + · · · + |xm − um|2}1/2,

|y − v| = {|y1 − v1|2 + · · · + |ym − vm|2}1/2,

��

λn(K) = O(n−1−(1+α)/m) (n→ ∞). (19)
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E; 4 G td��% 2 �*�^_G$��D�)�

||K − SRS||tr =
1
2

N∑
1

N

∫∫
GiGi

[K1(x, x) +K2(y, y) − 2K1(x, y)]dx1 · · · dxmdy1 · · · dym. (3c)

>'W��Lg (3c) ;�``�? x, y ∈ Gi (i = 1, · · · , N) &�

K1(x, x) +K1(y, y) − 2K1(x, y) =
m∑
1

[
∂K1

∂xj
(y + θ(x− y), x)

− ∂K1

∂xj
(y + θ′(x− y), y)

]
(xj − yj),

"� 0 < θ, θ′ < 1, x[*�Ml (18) <

K1(x, x) +K1(y, y) − 2K1(x, y) ≤ 2C|x− y|αL−1 ≤ 2Cmα/2L−(1+α). (20)

4 (20) ;;<= (3c) ;�\*�y% 1 c �
∞∑

N+1

λl(K) < 2α/mCmα/2N−(1+α)/m.

N�% 2 �*���]]�#;��X n > N q�=�x(F@x9<= (19) ;��%*
>	

{ | } ~
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