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F (T ) ��� T 	���
, J : E → 2E∗
������	\�
	��

J(x) = {f ∈ E∗, 〈x, f〉 = ‖x‖ · ‖f‖, ‖f‖ = ‖x‖}, x ∈ E. (1.1)

]^ 1 � T : C → C ����. T ���� 	, !�
�" x, y ∈ C,

‖Tx − Ty‖ ≤ ‖x − y‖.

�#, �� T : C → C ���� ���$ T 	���
 F (T ) �= ∅ (�!, � C �% 	

�

$ E !\�"#, $& E ��_
	, $& E ��_%&, ' T '(���).
]^ 2 � ∪ = {x ∈ E : ‖x‖ = 1}. E 	()���_ Gâteaux)*	, !�
+� y ∈ ∪,

*,

lim
t→0

‖x + ty‖ − ‖x‖
t


�" x ∈ ∪ �_+,-.
!.`a, /�01-./
bK 1 (0� [1] 	 7 2$� [2]) (1) !� E ��_%&	 Banach ��, '� (1.1) ��

�	\�
	�� J �1c	, �$- E 	+�(2X
3� E 	()453 E∗ 	()45
��_46	;

(2) !� E �� Banach ��$7()��_ Gâteaux )*	, '� (1.1) ���	\�

	�� J : E → 2E∗

�1c	. �$- E 	+�(2X
3� E 	()453 E∗ 	%∗ 45
��_46	.


5�	 u ∈ C 6+� t ∈ (0, 1), ������89�� Tt : C → C :

Ttx = tu + (1 − t)Tx, x ∈ C. (1.2)

� Banach 89��:7a Tt (;�	��� zt ∈ C, i.e. zt �89

zt = tu + (1 − t)Tzt (1.3)

	;�:.
;<=< {zt} 	>=?@1, 1967 A Browder [3] dB>�W"�/!� E �� Hilbert

��, '� t → 0 C, zt D>=< T W����; 1980 A Reich [4] dB: !� E ��_%&	
Banach ��, '3E	 Browder 	"FG-..

1967 A Halpern [5] eHI?>�#	@�AJBC=<	>=?@1
xn+1 = αnu + (1 − αn)Txn, n ≥ 0, (1.4)

7f u ∈ C K3#5D	�L, {αn} � [0, 1] f	=<, x0 ∈ C ��5�	�. MdB/!�
{αn} NgOPQE, 7f	FGQE�

(C1) lim
n→∞αn = 0;

(C2)
∞∑

n=0

αn = ∞,
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'=< {xn} D>=< T - C fW����.
-� [5] f, Halpern XCYD�#	MN@1/
hijK [5] - E � Hilbert ��	OP�, QE (C1) Q (C2) �R'g/SdBC=<

(1.4) >=< T - C fW����?
1977 A Lions -� [6] fdB: !� {αn} NgQE (C1), (C2) 6�#	QE (C3):

(C3) lim
n→∞

αn+1 − αn

α2
n+1

= 0,

'BC=< (1.4) D>=< T - C fW����.
cTkD	�/Lions	QE (C3)ÆU> {αn= 1

n}	Zlm[\]. Z�^_VWittmann
-� [7] f.WX. MdB/!� {αn} NgQE (C1), (C2) 6�WQE (C4):

(C4)
∞∑

n=0

|αn+1 − αn| < ∞,

'BC=< (1.4) D>=< T - C fW����.
Reich [4] 6 Shioji Q Takahashi [8] YZ[ Lions 6 Wittmann 	"�`\3�_%&	

Banach ��, Reich [9] a[Wittmann 	"�`\3ZL	�A Banach ��, b��_%&	
�!(%=<46	
	��, XCcd {αn} NgQE (C1), (C2) ]$�^_	.

e` Xu [10] ab> Lions 	"�, MdB!� {αn} NgQE (C1), (C2) 6QE (C5):

(C5) lim
n→∞

αn+1 − αn

αn
= 0,

'BC=< (1.4) -�_%&	 Banach ��fD>=.
e�c, Xu [11] b�ÆdB: !� E �� Hilbert ��$& E ��!%46
	��	

Banach ���$BC=< (1.4) �%db\'	 (e=< {xn+1 − xn} %>=< 0), $& E �

�_%&	�$BC=< (1.4)�d`\'	 (e=< {xn+1−xn}D>=< 0),' (C1)Q (C2)
�fTBC=< (1.4) D>=< T - C fW����.

��	g	�dB�#	FG�7.
]n 1 � E ��_%&	 Banach ��, C � E W����
X
, T : C → C ���

� ��$ F (T ) �= ∅, u ∈ C ��5�	�, � x0 ∈ C �h�fi�. !� {αn} � (0, 1) fW
��)<NgQE (C1) Q (C2) �$� (1.4) ��	=< {xn} Ng�#	QE

‖Txn − xn‖ → 0 (n → ∞), (1.5)

' xn D>=< T - C fW����.
]n 2 � E �! Gâteaux )*()	$
�� ��!(���?o	 Banach ��.

� C � E W����
X
, T : C → C ���� ��$ F (T ) �= ∅. � u ∈ C ��5�

	�, x0 ∈ C �h�fi�. !� {αn} � (0, 1) f	NgQE (C1) Q (C2) 	�=<, �$�
(1.4) ��	=< {xn} NgQE (1.5), ' {xn} D>=< T - C fW����.

p 1 �7 1 Q�7 2 �g-h�i	OP�
 Halpern 	MN@15DjY	kl, �
$a`\Qab>� [5–11] fjk	"�.
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�>dB3E�7, lmnc�#	o7.
qn 1 [12] � {αn}, {bn} �FG�m	�=<NgQE

αn+1 ≤ (1 − λn)αn + bn, ∀n ≥ n0,

7f n0 �O�\p), {λn} ⊂ (0, 1) $
∑∞

n=0 λn = ∞, bn = o(λn), ' αn → 0 (n → ∞ ).
qn 2 [1, 13] � E ��� Banach ��, J : E → 2E∗

�\�
	��, '
hq	 x, y ∈
E, �#	�n�-.

‖x + y‖2 ≤ ‖x‖2 + 2〈 y, j(x + y) 〉, ∀ j(x + y) ∈ J(x + y).

qn 3 [4] � E ��_%&	 Banach ��, � C, T, zt Ke#5D	�L, 'D*,
limt→0 zt ,-, �$� T - C fW����.

2 rstuv
]n 1 wxy r E ��_%&	 Banach ��, �01 1, \�
	�� J : E → 2E∗

�

1c	, o� (1.3) 6o7 2, (

‖zt − xn‖2 = ‖(1 − t)(Tzt − xn) + t(u − xn)‖2

≤ (1 − t)2‖Tzt − xn‖2 + 2t〈u − xn, J(zt − xn)〉
= (1 − t)2‖Tzt − xn‖2 + 2t〈zt − xn − zt + u, J(zt − xn)〉
= (1 − t)2‖Tzt − xn‖2 + 2t‖zt − xn‖2 + 2t〈u − zt, J(zt − xn)〉. (2.1)

sa\�
	�� J �t�� (0� [1]p 72),e J(−x) = −J(x), x ∈ E,o� (2.1) �a

〈u − zt, J(xn − zt)〉 ≤ 1
2t
{(1 − t)2‖Tzt − xn‖2 − (1 − 2t)‖zt − xn‖2}

=
1 − 2t

2t
{‖Tzt − xn‖2 − ‖zt − xn‖2} +

t

2
‖Tzt − xn‖2. (2.2)

�o7 3, zt → z ∈ F (T ) (� t → 0), o(

lim
t→0

‖ zt − xn ‖2 = ‖z − xn‖2. (2.3)

@�qur, � (1.4) �)d

‖xn − z‖ ≤ max{‖x0 − z‖, ‖u − z‖}, ∀n ≥ 0, (2.4)

6

‖Tzt − xn‖ ≤ ‖Tzt − z‖ + ‖xn − z‖ ≤ ‖zt − z‖ + ‖xn − z‖. (2.5)

� (2.3)–(2.5) �Ta, =< {‖Tzt − xn‖}, {‖xn − z‖}, {‖zt − xn‖} s�(2	. t

M = sup
t>0, n≥0

{‖Tzt − xn‖2 + ‖xn − z‖ + ‖zt − xn‖} < ∞. (2.6)
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v-uv (2.2) �wwp�x. lm(

‖Tzt − xn‖2 − ‖zt − xn‖2 ≤ (‖Tzt − Txn‖ + ‖Txn − xn‖)2 − ‖zt − xn‖2

≤ (‖zt − xn‖ + ‖Txn − xn‖)2 − ‖zt − xn‖2

≤ ‖Txn − xn‖2 + 2‖Txn − xn‖M. (2.7)

vuv (2.2) �wwpxx, lm(

t

2
‖Tzt − xn‖2 ≤ t

2
M, ∀ t > 0, n ≥ 0. (2.8)

[ (2.7), (2.8) �Cy (2.2) �, eT

〈u − zt, J(xn − zt )〉 ≤ 1 − 2t
2t

{‖Txn − xn‖2 + 2M‖Txn − xn‖} +
t

2
M, ∀ t > 0, n ≥ 0. (2.9)

<�(

lim
n→∞ sup〈u − zt, J(xn − zt )〉 ≤ t

2
M, ∀ t > 0. (2.10)

o
h5	 ε > 0, ,-\p) N , fT� n ≥ N C, (

〈u − zt, J(xn − zt)〉 ≤ t

2
M + ε, ∀ t > 0.

r zt → z (� t → 0 C), �$�01 1 a J - E 	+�(2X
3� E 	()453 E∗ 	
%∗ 45��_46	, o(

lim
t→0

〈u − zt, J(xn − zt)〉 = 〈u − z, J(xn − zt)〉 ≤ ε, ∀n ≥ N,

e

〈u − z, J(xn − z)〉 ≤ ε, ∀n ≥ N.

y�(

lim
n→∞ sup〈u − z, J(xn − z)〉 ≤ ε.

� ε > 0 	hq?, oT
lim

n→∞ sup〈u − z, J(xn − z )〉 ≤ 0. (2.11)

z γn = max{〈u − z, J(xn − z )〉, 0}, ∀n ≥ 0, �d
lim

n→∞ γn = 0. (2.12)

z�3, � (2.11) �a, 
h5	 ε > 0, ,-\p) N1, fT

〈u − z, J(xn − z )〉 ≤ ε, ∀n ≥ N1,

y�( 0 ≤ γn < ε, ∀n ≥ N1. �< ε > 0 	hq?, ea
lim

n→∞ γn = 0.
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@�8#, � (1.4) �, o7 2 6 (2.12) �, )T

‖xn+1 − z‖2 = ‖(1 − αn)(Txn − z) + αn(u − z)‖2

≤ (1 − αn)2‖Txn − z‖2 + 2αn〈u − z, J(xn+1 − z)〉
≤ (1 − αn)2‖Txn − z‖2 + 2αnγn+1

≤ (1 − αn)‖Txn − z‖2 + 2αnγn+1

≤ (1 − αn)‖xn − z‖2 + 2αnγn+1.

-o7 1 f{ αn = ‖xn − z‖2, λn = αn, bn = 2αnγn+1, ]zq bn = 0(λn), oo7 1 	Q
EVNg. <��o7 1 eT

lim
n→∞ ‖xn − z‖ = 0.

e xn → z ∈ F (T ). d{.
]n 2 wxy r E �!�_ Gâteaux )*()	 Banach ��, �01 1, \�
	�

� J : E → 2E∗
�1c	, �$- E 	+�(2X
3� E 	()453 E∗ 	%∗ 45��

_46	. |r E 
�� ��!(���?o, o��}a	"� (0� [10, 11]) a, � t → 0
C, zt D>= T - C fW����. r|}~�7 1 f5D	dB8r, .~)d�7 2 	"
F-.. d{.
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