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Abstract

A multidomain Legendre tau method is established for the 1-D Maxwell’s equation-
s of nonhomogeneous media with discontinuous solutions. Unlike the Galerkin method,
polynomials of different degrees are used to approximate the electric and magnetic fields,
respectively, so that they can be decoupled in computation. Also, the method improves
the accuracy, and the stability and optimal error estimates of the semi-discrete scheme are
given. Numerical examples show the effectiveness of the method without being affected by
the discontinuity of the solutions.
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1. 5]

Maxwell 77 PR PR EEM MM T, KL FEWF T &R i .
Chen 2 ABFFE T SRffE Maxwell 7R AR FAEE TR T7E: 07 Zeng AR RE RSP
FHRTT R T 4 Maxwell 77F2() LegendreGalerkin 773 8. ZEVF & 52 bR R o, T2
FRBAE—HA BN, BN AT s AT, 45 7SR IR e, Zhao S8 AR ATRIFT &

* 2018 4E 5 H 2 HUKF.
D ESTH: ERARBEES (11571224).
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By B, AEAR FAR SRR AR, R R KR 4 2 AR BURRE E, (ER AR R T 4.
Ma 28 AR £ X35, Legendre Galerkin %75 K i — 24 JE—3 it Maxwell 7572 9.
A B — 4 AE— A B Maxwell 572 )

e E, = 0, H,, (z,t) € (I, UL) x (0,7T],

po Hy = 0, E., (z,t) € (I, UL) x (0,7T], (1.1)
E.(-1,t) = E(l,t)—O t e (0,7,

E.(z,0) = E,o(z), Hy(x,0) = Hyo(z), =xz€l=(-1,1),

Hep E. f1 H, 552078 ERBEITERE, ¢ f o 23000 BE B SR, Hik L =
(=1,0), I = (0,1), €|1, = €i, plz, = pi AIEFEL IFHIR Zhao AL H I BFIZ R Ab & 4
P Bl — oA RAL L, fRA W RSOl B —FoA B, 7258 FANA BRER, M 1) T A0 4
.

XF T ELA ] W A 1) 1) R RT AR 22 DX 3 75 vk SR 22 X3 77 35 S 8 X 3 40 B
ZAHAHA TR, RH SR 2 0GEE 1012 Ji AR R T KAt iy oy 2
125 X IR vk 1191, 3 5 A 05 224 O B e B, i1 B 1R AR B R AL ) R B B LA i
M, AT B IR T . Ma 28 AR £ X, Legendre-Galerkin Chebyshev g B 3R i E
A AT R — 4 R R O, BOR T £ I kA R

ACEST IR (1.1) 2 XIK Legendre tau(MLT) 75k, #xf— B 7 AR
M, AT Galerkin ¥k B, R4 tau 773300 84, Xt E. Fl Hy 2 BIEH N KA N — 1 KK
LA IT, AR SR AT DUFAR, I RER R TR B, KR A IR 24 1 BBl g
BALBr

ASCZHN TR B 5E, B —4E Maxwell 77 FE (B HE X3 Legendre tau 77, JFH#
UL M BB, ARG, 2 HIR YR & SRk ER PR A8 AL 254, 1F B P B i U s e
P, IS HIREM . BE, 4402 BEUH Runge Kutta 7535, 45 HiZas =X i BB 45, It
RT3 AT .

LR SRR

2.1. iS58

FEEIE LS iE () F | - o AEMEREESR L2(Q) 1ABRRTEE. X T IEEE
o, & H°(Q) AiBH K Sobolev Z¥[A], HIEHFTEE A FEA || - oo Tl |- oo M Q=1
I, MIZEE S I FARH R A mg. @ X Ho (1) = {u € H'(I) : u(—-1) = u(1) = 0}, IF5IN3B
Sobolev Z¥[a] Jz H A%k

H(I) = {u:ulr, € H7(1),i = 1,2}, ulgoory = (Julap, + ul3 )"
XTIESEE N, P, FoRIREOREE Ny i R BE AL 25 0. @ S B T 23 ]
Wy ={¢:9l;, €Py,i=1,2},
Bl R SE 3 ]

V]?f:H(}(I)mWN(I)a WN%Z{@”PMEPNﬁlai:L?}-
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%25 (j=0,1,--- ,N;) ASHXA] I = (~1,1) -4 Chebyshev-Gauss-Lobatto(CGL) #5
e A ey R FRIA L = (ai-1,a;) E# CGL g, 18 hi = a; — ai—1 Fl

) ) ) hliz +a;—1+a;
(— L J .
AXH ag = —1, a1 =0, az = 1. X Chebyshev—Gauss-Lobatto il I{u € W ¥ /2
(INw)r (z5) = ulr, (z}), vai € Iy,

H o(z) = ¢(&) Bar I FRIRBGSHRIA [ FHREZ RS, 4 Py : L2(I) — Wy
B L ERBGET Py L2(1) — Py, P2, BJ

(Py—1u)|r, () = P, —1(ulr,) (&).

e (11) WSS A & E. € Hy(I) fil Hy € L*(I) if5

(€ E,,v) = —(Hy, 0v), Y wve HMI), 2.1)
(WO Hy,w) = (0, F,,w), Y we L*(I). '
P ST AR Y ) B B X B, Legendre tau #3%: & E.n € VY fl Hyn € Wx_1, f#if3
(€ E.n,v) = —(Hyn,0v), YoveVy, (2.2)
(WO Hyn,w) = (0zE.n,w), VweWn_, '
%ﬁifﬁﬂﬁ EzN(O) = IJ?[EZO; HyN(O) = PNflllgHyo'
EARTER, # L &5 | B Legendre 2T, & SLUNT 19 P53 pR 2
69 () = { Liya(2) — Li(2), o= W € [ai—1,ail,
07 ’E?
W {617,352 A HE (1) NP, HOBERREE (0 = 1, 2), FEANFEAS A FE B 3 06 B
Lo(2) ';‘ Ll(i")7 . hi% +;10 +aq € [ao, axl,
Or) =9 Lo(d) = Lu(2) hod + a1 + a
— T TE € (a1, as].
Kotz X L (2) = Li(2). BERUR Eon, Hyy SHIERA
2 N;—2 ) )
B, t) =Y 3 ()6 () + c(t)d(x),
=1 =
S
Hyn(t) =Y > d ()L (x).
=1 (=0
RN BN 2 o R
EAlatEN(t) = —BlHN(t), (2 3)
A0 Hy (t) = BoEn (1), '
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Her En(t) #1 Hy(t) BAELSE E.v 1 Hyny BRI &, HlE Ak, Be(k = 1,2)
EUARRBME, FL T3 4 5 A A DL B B PO
BT BT EM T, SIABBET Py HY(I) — Py, W2

PNU / PN 18u

& Pl fkfy P, P2 H'Legendre WHBE T, B
(Phu)lr, () = P, (ulr,)(@).

P b = hN7H(i=1,2), B F EREEL 5 1810
I 1. % pc HO(I) (o > 1), ME
IS0 = @l iy < C N0 1 + 17 |of2 1)1,
1Pho — ol < CHTlpl2 1, + 50l )2,
I1Pne — ol < C(h20|80|a n+ h2a|90|o12)1/2-

0
0

2.2. FEBAENXAIRE RS

B R AR

1. % By il Hyy BB KR Legendre tau 773k (2.2) HIfl, AA R /i,
nE

VIVEEN I + [[y/H,x (0]

S\/II\/EE.zN(O)II2 + [VeHyn (0)]* + C\/f\//ot(ll Vel fi(s) 2+ | Vit fals) [12) ds >
IERA. Bk (2.2) WA ANED [,
{ (c0:Ezn,v) = ~(Hyw, 0:0) + (f1,v), Vv e VR, 26)
(L0 Hyn,w) = (OpEon,w) + (f2,w),  Vw e Wn_g.
B v=FE.n,w=Hyn, B
(0 En, Ban) + (00:Hyn, Hyn) = (f1, Eon) + (f2, Hyw). (2.7)

i Cauchy-Schwarz "2 X153

s (IVeBN P + IaH ) = IV 2 + | VaH P (\IVEB-r] + i, )
= Re{(fhEZN) + (f?tuN)}

<VIVETR I + 1 Vi e Py IVeB 12 + | VEH, NP,
(2.8)
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ElIEE)

%(\/”\/EEZNH2 + IVEHN]?) < VIVETR 12+ | Vi Th |2 (2.9)
% L RBUMEEN TRUEH: (2.5).

2 f o AR, FTE (2.8) EEAE) T IE <P
EHE 2. % E.n fl Hyn 2B L X Legendre tau 7k (2.2) HIf#, NIAH

IVeEn(O)]* + | VEHyN ()]* = C. (2.10)

BT RBIBM ARSI, & B = PYyE. A H'-Legendre {88, Hy = Pv_1H, A
L* Legendre #805%, 7772 (2.1), FIHBIEE IO, HEE

(8I(P]{]EZ — Ez),w) =0, Yw € Wn_1,

e fi = e(Py — DO E:, 5%

(€O B, v) = —(Hy, 0:v) + (f1,v), Vouevy, (2.11)
(RO H} w) = (0, EZ, w), VweWn_q. '

A?\ € = E: - E.n, €y = H; - Hva Epﬁﬁﬂ—l:ﬂ@iiﬁﬁﬁ
(edres,v) = —(ey, Oyv) + (f1,v), VoveVy, (2.12)
(uoey, w) = (Oye,, w), VweWn_1. '

TR A RS e PELE B, WIS EEE. e h= maxi<i<2 fi;.

o >1,E. € H'(0,T; H7(I)), H, € C([0,T}; H7(1)), WAFLEH L C, 173

IVe(E. — E.n)@®)|| + IVE(H, — Hyn)(@)|| < C(1+VT)R?, t<T. (2.13)

HERR. w1 (2.12) 50, EEFIH AT RS e vE 1 (2.8), B I F IREA T

\/leﬁez(t)ll2 + [[Vkey (D)7 < \/le/Eez(O)Il2 + [[v/mey (0> + C\/f\//o | Vel fa(s) |2 ds.
(2.14)
MRBESIFL 1, AT R A AR 2

||€Z(O)|| = ”P]{szO - IZEEZOH < Ohg|Ez0|go(1)7
ley(0)[| = [|Px—1Hyo — Px—1I§ Hyoll < Ch7[Hyo| go (1)
DL R AT iR 22 )
/0 | VeLlfi(s) ||* ds < C’fz2‘7|8th|2L2(07T;1{N(1))7
B LR (2.14), £4EIELE RSP 1, BRHA=ZAANEK, BHERREMIT (2.13).

FERA I (2.13) KB T RARW, Bk THEE R B, B C RIKBT T, 86T
HHE A RT T B i N 7
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3. WS RS

AT B —Rh A AL AW L, AAH XS T AAHRA T3 — A BE R — bl 5T il R AL
sk Bl EH — A E B R R R B EARER AR AL, @ 0 ARE TR A
IRz R n o B AR BE, R B, AR R EAL —ANELE R, W52 TAIRAR

€2
T 1+ (e2 — 1)cos?6

A &, =1+ (e2 — 1)cos?d, €1, = €2, 18 [v]o = v(0+,¢) — v(0—,¢), MIBKERSAHAT S A

E.(0—,t)

E.(0+,1). (3.1)

[€E.]o =0, [Hylo=0.

3.1. i 5%X
5] AN43>B% Sobolev %5, & X
H o(I) = {ue H'(I) : [eulo = 0, u(—1)=u(1) =0},
PR 51 B 2 i 2 3 25 7]
V' = HE (1) N W
UL €E. RS, HRE (1.1) BB B A & E. € HL (1) f1 H, € L*(1) {554

{ (BE.,v) = —(eLH,, d,v), Vv e HI),
NP (3.2)

(0 Hy,w) = ((€pn) "0, (€E,),w), Y w e L2(I).

$ W A B R B B X I, Legendre tau #62: #8 E.y € Vy'* #l Hyn € Wy_y {78

{ (0:E.n,v) = —(e " Hyn, 0,0), VoeVy,

o (3.3)
(8tHyN,w) = ((G/J,) 1(91(€EZN),U}), Ywe WN—17

FFIAIIRIE Eon(0) = IG Ezo, Hyn(0) = P11 Hyo.

3.2. FEEERYIRE MRS

THE%HEEEER. 1 o= e

FIH 4. % E.v fl Hyn P BIHE XI5, Legendre tau 773 (3.3) WIff, AsA D) fi,
n#

\/II\/EEZN(t)IIQ + IV AH,N (1))

; i i} (3.4)
S\/||\/§EZN(0)||2 + [|V/H, N (0)]2 + O\/Z\//O (I VEfi(s) 12+ || Vifa(s) |12) ds.
RS BB (3.3) WA £,
(OhE.n,v) = —(6_1HyN,5IU)+(f1,U), VoveVy, (3.5)
(8 Hyn,w) = ((e) 1 0u(€E.N), w) + (fo,w), Y we Wy_1. '
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Bov=¢E.yeVy, w=jaH,uN€WnN_1,H

(OE2n,€B.N) = —(e 'Hyn, 02(€En)) + (f1,€E-n),
(at yNa,U'HyN) (8$(€EZN)567 HyN)"’(f?,,aHyN),

P AR A 2

s (IVEB P + Vi |7) = Re{(fi, €Ben) + (o iHu ), (3.6)

REVF R 1 EW], BInT 2t (3.4).
2 oA fo A, R T P E PR
EE 5. % Eon fl Hyn 2B L XK Legendre tau 77 (3.3) HIf#, NIAH
IVeBn (0% + |VAH,~ (1)) = C. (3.7)

BT R IR M. & B = PYE., Hy = Py—1Hy, 18 fi = (Py — 1)0,E., BT
(2.11), 7 #E (3.2) 152

(O Ex,v) = —(e—lH;,(?wv)—i—(fl,v), VoueVy, (3.8)

(0:H;, w) = ((€p) 10 (€EY), w), Vwe Wy . )
A?\ € = E; - E.N, €y = H; - Hva T%?Uﬁ?ﬁﬁ

(8tezvv):_(€7 eyaa ’U) (fla )a VWGVJQU (3 9)

(Orey, w) = ((€p) 10y (Ces), w), Ywe Wn_i. '

Rk, AT DA BRI AR PEEE R (3.4), FFRUUT B 3, 158 LU el e 1.

o 5 - -0.5 o
E_(x,t=3.14) H (x,t=3.14)

B 1 Maxcwell 7772 55 ) Wit

EIE 6. B L., H, A (L1) WRFWSEFAEE (3.1) K%, By, Hyy 2 (3.3) K, I
¥t o > 1, E. € H'(0,T; H(I)), H, € C([0,T); H° (1)), MFFEH ¥ C, #8453

IVEE: — E-n) (@)l + I1VAH, — Hyn) (@) < CL+ VTR, t<T. (3.10)
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4. HEEH

AN AT X X 1 Legendre tau J7IEEOBE AR, HSHEARES - RASHILKE
(FDTD-IDM) 75 ) 45 5 P 4 Hofe. BRall— 30 Bt Maxwell 7782 (1.1) HELA#A 1519,

Bunt) = la1 exp(iy/erwx) — by exp(—i/erwx)] exp(iwt), —1 <2 <0, 1)
- laz exp(i/Eawx) — by exp(—iy/Ewx)] exp(iwt), 0<z <1, :

Hy(x,t) = Verlar exp(iy/eqwx) + by exp(—iy/erwx)] exp(iwt), —1 <z <0, 42)
e Vezlaz exp(iy/e2wx) + bg exp(—iy/Eawx)| exp(iwt), 0 <z <1, ‘

s i = V7T,
a1 = (y/€2 cos(y/€aw))/ (Ve cos(y/erw)), b1 = ay exp(—i2/€,w), (43)
as = exp(—iw(y/e1 + v/€2)), by = as exp(i2\/6,w).

BB RDHIA a0 =1, 2 =225 fl p1 = pp = 1. IAEHS FDTD-IDM J7
B ), SR LI P RungeKutta 753k ZERFZ) ¢ MBI L2- SRR L>o- REH IR
A
Ez(v) = |lon — Ifv]l, Eoo(v) = mﬂgrx [ow (a5) — v(aj)].
B 1. SZARAEESE, A BT OL. B w R ez tan(/elw) = — /e tan(y/Ew).
Bl 12 w~5.07218116182516, t = m I ELMFHTIEIMR, Horb SLEFHE 28 7351 A A ) SR
HEFE, AT AR SE AL 2 = 0 A 55 1] .

% 1 Maxwell F1255E¥iE MLT HiEE t = | RS L>7- RE
w = 5.07218116182516
T (N17 N2) Eoo(Ez) ﬁ%m Eoo(Hy) ﬁ%m

1e-02 5.78e-07 8.39¢-07
(20, 20)

1e-03 5.78e-11 7400 8.63e-11 7398
(10, 10)  9.07e-05 2.04e-03

le-04

(20, 20)  9.89e-14 M7 299e-12 M2

w = 36.48810769772309
T (N17 N2) Eoo(Ez) ﬁ%m Eoo(Hy) ﬁ%m

1e-03 1.12e-06 1.62e-06
(56, 56)

le-04 1.12e-10 7400 1.67e-10 7399
(48, 48)  8.55e-09 1.50e-07

le-04

(56, 56)  1.12e-10 M~ 167e-10 MM

# 1 gD X 5K Legendre tau J5{kfE ¢ = 1 FHIBIHL Lo 1R, SeBUBCRH N, 1hi i)
B T HRAN, DUSTTR I )7 1 AR =B FBCBUINKI RIS 7, ik N HANVER, DU S
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2[R 75 1) PRI AT PRS2, R BB S5 R S BIR T A — 3, B HY I )58 3 A PO B R
23 [ E I B A WG RE. R 2 45 HE XK Legendre tau J7¥kM 8L L2 IRZEM L>- k%, HY
FDTD-IDM J} (5] BEAT EBEE, SR w ~ 5.07218116182516 FlIEmHi w ~ 36.48810769772309,
DRELt =7, 71 =7 x 1072 fl t = 7/2, 7 = 7/5 x 1074, ZZ|A]E# FDTD-IDM 75435
BN =50 f1 N = 200, JfFfim M = 8 NAZFARVCHEI S, MLT J5¥E4HIE Ny = 20 Fl
Ni =56 (i = 1,2), fHERIFHIREE.

% 2 Maxwell 51E35EEiME FDTD-IDM #1 MLT Jiiige

FDTD-IDM ! MLT
L 2 (B.) L 2% (Hy) E2(F.) Ea2(Hy) Eoo(E:) Eoo(Hy)
t=m,7=mx107* w =~ 5.07218116182516
M =8, N =50 Ny =Ny =20
4.34e-12 5.52¢-12 1.78¢-12  2.36e-12 1.80e-12  5.95e-12
t=n/2, 7 =n/5x 10", w~ 36.48810769772309
M =8, N =200 Ny = Ny = 56
6.06e-10 8.19¢-10 2.69e-11  3.40e-11  2.73e-11  4.07e-11

% 3 Maxwell FIZEERE MLT 7iA7E t = 1 BRAEH L>- iRE
w = 5.05589071456588
T (le NZ) Eoo(Ez) iﬂ%%m Eoo(Hy) iﬂ%%m

1e-02 (20, 20) 6.53e-07 8.26e-07

1e-03 ' 6.53e-11 7400 8.49e-11 7399
(10, 10)  8.87e-05 2.01e-03

le-04

(20,20)  6.04e-14 M 7304 287¢12 M2
w & 36.47181725046381
T (N, No) Eeo(E:)  BEM Eeo(H,)  BERH

1e-03 (56, 56) 1.28e-06 1.61e-06

le-04 ’ 1.28e-10 7400 1.66e-10 7399
(48, 48)  8.59e-09 1.51e-07

1e-04

(56, 56)  1.28e-10 M ~2"31  166e-10 M~

B 2. AR FALEBRERAAE (3.1), A IBTAOTE DL 3K w WA
(1+ (ea — 1) cos? 0) tan(w) = —/ez tan(y/eaw).

B 2 J& w ~ 5.05589071456588, t = m I FCAFHTEMR, PRI IR B, FE58 FU AR AT .
# 3 P XK Legendre tau J7ikfE ¢ = 1 PGB Lo- 22 561 1 (BQAHHR, Bor
I (RISE A LA U R BE, 2 PR LA W . 3 4 455 FDTD-IDM J5k Pl iy e, xd
w A~ 5.05589071456588 Fil w ~ 36.47181725046381, 43 BIER 54 1 FAHRI I B BS %, WTLIFE
Hi, A3C MLT 75 3R FAR G B B 22 7 73 3 gt BE AR 2UAR 7 R X
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E_(x,t=3.14) H,(x,t=3.14)

Kl 2 Maxwell T2 W% (E- 75 = = 0 AbABRER)

& 4 Maxwell FiE[EEfE FDTD-IDM 1 MLT FiiBiRE

FDTD-IDM ! MLT
L 2 (B.) L 2% (H,) Ea(E:)  Eo(Hy) Ex(E:) Eo(Hy)
t=m,7=mx10"% w~ 5.05589071456588
M =8, N =50 Ny =Ny =20
4.65e-12 5.73e-12 1.87e-12  2.39e-12  2.0le-12  5.65e-12
t=m 7=n/5x10"% w~ 36.47181725046381
M =8, N =200 N, = N, = 56
6.16e-10 8.19¢-10 5.79e-11 7.12e-11 6.25e-11  8.06e-11
5. 1 P

AR £ X 18, Legendre tau 753K i —4E3E— AT Maxwell 52, X FARRANBAE
RSB 43 T A 2 SE RNk R B AR AR O, TE B T 2 B ok 0 ge s e PR BT, IR et
MriRZfhih, Stk TERA KA RS 5 B BUE B 2 B4 I T MRAEAS R A B A A H B 1)
WA T F T 5 B, R O AR R T KE P, 35 FDTD-IDM 53 P )it B8 kAT
T HE. AR L X8, Legendre tau 753 AT LAHE) B FEE R & 4 Maxwell FHE.
BT AN HL AR SR 16 B 10, % 7 vk 6 P R A VR 26 ol S 7 Bt — B T 1.
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