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Abstract

Symm Integral Equation has an important application in potential theory, which is an

ill posed problem in the sense of Hadamard. Based on the discretization of Symm Integral

Equation, we propose a RRGMRES method to solve Symm Integral Equation, gives the

numerical simulation, and the methods proposed in the related literature are analyzed and

compared, the results show that the method proposed in this paper is to solve the Symm

Integral Equation has the advantages of high precision and strong anti-interference.
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1. Y��WV' Symm �lg/
(AZ)(x) = −

1

2π

∫ 2π

0

ln |γ(x)− γ(s)|z(s)ds = g(x) x ∈ [0, 2π] (1)�� γ(x) ��A"℄g/, x ∈ [0, 2π], dY,�℄ g(x) hÆMg/I�A}3b}. Symm�lg/�ZfMKa Fredholm �lg/, os Dirichlet }3�$? Laplace g/�Nb
* 2017 � 6 p 6 3VG.
1) �B-	: �-�-WA�B (51679186); !�WA�B (11601418).



74 ^�(ii(i�Y℄ 2018 ��I$\ [1−3]. ng/ItOO�l�Nb6�T:, af7a�wI�QS:, v℄�$?�^�<℄�. ���\�zZn�lg/C8n?4ICK. Mclean W K0u3n\��a$?�lg/Iga [4]; Reifenberg M K0u3n`1U�a$? Symm �lg/ [5]; ��$zu3n Symm �lg/I4_k Lanczos a��v� Gmres ga [6,7]; f�qK0u3n Symm �lg/IZf Fourier ��a [8]; �&^�>�Ku3n\�v� MINRES ga$? Symm �lg/ [9]; �&^��{du3n\�v� Symmlq ga$? Symm �lg/ [10].��s Symm �lg/b8�I�5:,q\ RRGMRES ga��k%I�R!/$mha�$?{a�QS�w, ℄�TG��ngaZfE�lg/I?, h�# [9] �
[10] Iga'�, ngaNb'hGWs, ℄�EfWZ�Tp.�ItO.

2. Symm <75-FM;�nb1I$3 Symm �lg/I℄�?, W!5 Symm �lg/C8b8�. 5D
γ(x) OK	I���'&F, I�E, b

(AZ)(x) = −
1

2π

∫ 2π

0

ln(4 sin2
x− s

2
)z(s)ds+

∫ 2π

0

k(x, s)z(s)ds (2)����℄
k(x, s) =















−
1

2π
ln
|γ(x)− γ(s)|2

4 sin2 x−s
2

x6=s

−
1

π
ln |γ

′

(x)| x = s

(3)\<O xj =
jπ
n
, j = 0, 1, . . . , 2n− 1 b8&0 [0, 2π] �, Zf (2) K�MKu6�:I�l,,\79%�\,K, #

Qnz =

2n
∑

j=1

z(xj)LjAz zj F 2n �Y0
n
∑

j=0

aj cos(jx) +

m−1
∑

j=1

bj sin(jx) aj , bj ∈ R:℄b
−

1

2π

∫ 2π

0

z(s) ln(4 sin2
x− s

2
)ds ≈

1

2π

∫ 2π

0

(Qnz)(s) ln(4 sin
2 x− s

2
)ds

=

2n−1
∑

j=0

z(xj)Rj(x) x ∈ [0, 2π]�� Rj(x) )�℄�
Rj(x) = −

1

2π
Lj(s) ln(4 sin

2 x− s

2
)ds

=
1

n
[
1

2n
cosn(x− xj)+

n−1
∑

m=1

1

m
cosm(x− xj)] j = 0, 1, . . . , 2n−1



1 � %r L: Symm  mh0^�%�J RRGMRES hb 75r\L7{K'h (2) K�M`u���l,, #
∫ 2π

0

k(x, s)z(s)ds ≈
π

n

2n−1
∑

j=0

k(x, xj)z(xj) x ∈ [0, 2π]XHh� A IE�
(AnZ)(x) =

2n−1
∑

j=0

z(xj)[Rj(x) +
π

n
k(x, xj)] x ∈ [0, 2π] (4)n�EI)��E2�# [1, 2]. XN��Z1PI 2π ��k>�℄ z, (AnZ)(x) K
Ulf (AZ)(x). h\:[�E, XN5g/ (1) b8�2.L~7K�

Az = b (5)��L~ A h b Imel��
aij = R|i−j| +

π

n
k(xi − xj), Rl =

1

n
{
(−1)l

2n
+

n−1
∑

m=1

1

m
cos

mlπ

n
}, i, j = 0, 1, . . . , 2n− 1.

k(x, s) = −
1

2π
ln

|γ(x)− γ(s)|

4 sin2 x−s
2

, x6=s, k(x, x) = −
1

π
ln |γ

′

(x)|, x ∈ [0, 2π].

bj = g(xj), j = 0, 1, . . . , 2n− 1.af (1) OMKa Fredholm �lg/, E
b8lH��K (5) O&:b8�QS�w,�F�PFsH+X\�, dY, b �X�uA ε .U, # bε = b+ ε, b Od*�q�IY3℄M, ε OH+��a��IuV℄M, �+Æ2�Vj�~!�
� 0 Isbl . U7|�I$?I&:���
Az = bε (6)Zf<���QS�w (6), 0�5�v�ga� Krylov�Y0ga'=Æ,X*BQA�v�ga. ��Vy\ RRGMRES ga$?�QS�� (6), l�ngas$? Symm �lg/IX8:"b1:.

3. RRGMRES 54
RRGMRES gaO�R!/$m�GMRES�gaIKu�6ga [11], �tOO\f$?b8�QS�w�I&:��. h<\℄QA�v�gaKH, b��UlI:Æ, #XuAI[+, �v�?I'Z�(k�QA8℄Ix.�Z�7F#/Ck�RJBfx. [12].Vy&:b8�QS�w (6) �L~ A. >2JQA? z(0) = 0, $QA? z(k), ���$#/��w

min
z∈Kk(A,Abǫ)

‖Az − bε‖ (7)�� ‖ · ‖ �L�S.me℄.Krylov �Y0�
Kk(A,Ab

ǫ) = span{Abǫ, A2bǫ, · · · , Akbǫ} k ≥ 1



76 ^�(ii(i�Y℄ 2018 �af z(k) ∈ Kk(A,Ab
ǫ) Os A I�k�, |nga-�%�kI�R!/$ma. h\ Arnoldi �/^$?#/��w (7), X\M k !I Arnoldi �/�2J.m v1 = bǫ/‖bǫ‖H3 Arnoldi l?

AVk = Vk+1H̄k (8)�� Vk+1 = [v1, v2, · · · , vk, vk+1] ∈ Rm×(k+1) Op�8I, �/SQA℄ k I�℄:/. D
dim(Kk+1(A, b)) ≤ k F, Arnoldi �/��. (8) K� H̄k ∈ R(k+1)×k O: Hessenberg 7KIjs8Z9,. l? (8) KO#+2I�� GMRES ha.��W4 QR l?

H̄k = Qk+1R̄k (9)�� Qk+1 ∈ R(k+1)×(k+1) O�8I: Hessenberg L~, R̄k ∈ R(k+1)×k O:79L~. u
Wk∈ Rm×k � Vk+1Qk+1 IM k p, vb

AVk = WkRk/>&:g/" (6) IM k uE?� z(k) ∈ K(k)(A,Abǫ), $(� r(k) = bǫ −Az(k), v
z(k) XN�L�

z(k) = Wky, y ∈ Rk (10)U7, (7) KI#/��wXN2.
min

z∈Kk(A,Abǫ)
‖Az − bǫ‖ = min

y∈Rk

‖AWky − bǫ‖

= min
y∈Rk

‖A(AVk)R
−1
k y − bǫ‖

= min
y∈Rk

‖AVk+1H̄kR
−1
k y − bǫ‖

= min
y∈Rk

‖Vk+2H̄k+1Qk+1Īky − bǫ‖

= min
y∈Rk

‖H̄k+1Qk+1Īky − ‖bǫ‖e‖�� y O:K�wI?, Vk+2e = bǫ/‖bǫ‖. 
�, RRGMRES gaHFI (6) KI?�
z(k) = Wky, y = (Vk+1)

T (H̄k)
T bǫaf H̄k+1, Qk+1 O: Hessenberg 7KI, vL~

H̃k = H̄k+1Qk+1Īk∈ R(k+2)×k

QR l?�
H̃k = Q

′

k+2R̃
′

k�� Q
′

k+2 ∈ R(k+2)×(k+2) O�8I, R̃
′

k ∈ R(k+2)×k O:79L~. v
min
y∈Rk

‖AWky − bǫ‖ = min
y∈Rk

‖R̃
′

ky − (Q
′

k+2)
T ‖bǫ‖e‖ (11)



1 � %r L: Symm  mh0^�%�J RRGMRES hb 775 b I�( ε Ie℄OM�I, *� δ, a�(ndX�, a RRGMRES gaC8QA�	$HIQA? z(k) ;~!
‖Az(k) − b‖ ≤ δ (12)7FQA=\. Nysz2�# [13].5 b I�( ε Ie℄O�I, ;I\tK~��v, #�f L- '&��R8&G��GCV�I~��v. Nysz2�# [14]�
4. O[IK�nG�:[gaIX8:, ��v3℄��Æ, �ÆF�i/>|? z M�, b X��b8&:�� Az = b �H, �Z b C8.U ε, #

bǫ = b+ ε · rand(b)�� rand(b) �l s [0, 1] �0Ik�℄. $��:, ?I'Z�({K�
δ = ‖�*?−E?‖2/‖�*?‖2HJ 1: (�A"℄g/ γ(x) = (cosx, 2 sinx), |?(� z(s) = e3 sin(s), b8O n = 50,� 1 v3nD ε = 0 F?I'Z�(kQA8℄I��"\.* 1 B1V3T,Q20/N1):LDRB9^ �J([�) RB9^ �J([�)

5 0.0721046908224012 55 1.35449598144189e-011

10 0.00308732675708631 60 1.79088229533993e-013

15 0.000820629524709896 65 4.51745647956735e-010

20 0.000638176817114345 70 4.49035985145957e-005

25 0.000484598034413348 75 45.1575382253282

30 0.000408108849690415 80 51.0404747749553

35 0.000359636973839153 85 51.0399834516602

40 0.000193514949920674 90 221.977963357786

45 4.83170384454996e-005 95 221.9779651419

50 1.23670828491573e-007 100 221.917375941936a� 1 XNS3, ?I'Z�(k�QA8℄Ix.�4�7F#/, Ck�e�,x., y"nngaNb�Ul:. H+q\�, X��vS (12) K�I δ ?S#,IQA8℄, s�i�, X(M 60 8QAFI? z(60) $�E?, 1�;F#_.��(��IuAa� ε C8'h, � 1�� 2 �� 3 l�v3nQA8℄� 15 F
ε = 0.1�ε = 0.01� ε = 0.001FI|?h℄�?I�:=�. h�# [9]�I�v� MINRESga��# [10] �I�v� Symmlq ga=��:2� 2.* 2 =P�9V3T,1(?

‖ε‖ �w� MINRES hb �w� Symmlq RRGMRES hb
0.1 0.017 0.01769 0.00259

0.01 0.004 0.00179 0.00051

0.001 0.00024 0.00032 0.00008
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� 3 ε = 0.001 G}�i^��J�;� 1�� 2�� 3 �<&A�℄�?�.
A�|?. a� 2 XNS3, RRGMRES EGWs℄MbuAFIs3�v� MINRES ga��v� Symmlq gaIKu℄m$, t�, �v� MINRES ga��v� Symmlq gas'hF;*SÆQI�v�"℄, ℄��gas$?�/��=*S7"℄, 1<n'hm.HJ 2: (�A"℄g/ γ(x) = (cos x, 2 sinx), |?(� z(s) = 1, b8O n = 50, � 3



1 � %r L: Symm  mh0^�%�J RRGMRES hb 79�� 4 l�v3nD ε = 0 F?I'Z�(kQA8℄I��"\.* 3 B1V3T,Q20/N1):LDRB9^ �J([�) RB9^ �J([�)
5 0.00637692199253487 55 2.39661155654468e-010

10 0.00318302056066095 60 5.95968086357517e-008

15 0.00229890611638727 65 0.000440874595362013

20 0.00171329627335163 70 57.5820612120913

25 0.00151743276288116 75 57.6725522408538

30 0.00111813517787922 80 57.6695037271172

35 8.11082584842846e-006 85 70.7197823531504

40 1.29297389936124e-008 90 70.7197838398906

45 1.89996384925062e-011 95 72.742646760311

50 8.01302550213189e-012 100 72.7426196364391a� 3 X�, ?I'Z�(k�QA8℄Ix.�4�7F#/, Ck�e�,x., CK!G�ngaI�Ul:. s�i�X(M 50 8QAFI? z(50) $�E?, 1�;F#_.��(��IuAa� ε = 0.1�ε = 0.01 � ε = 0.001 FC8'h. h�# [9] �I�v� MINRES ga��# [10] �I�v� Symmlq ga=��:2� 4.* 4 =P�9V3T,1(?
‖ε‖ �w� MINRES hb �w� Symmlq RRGMRES hb
0.1 0.0201960 0.019 0.00880786

0.01 0.0019767 0.002 0.00274532

0.001 0.0003364 0.00034 0.00033027a� 4 XNS3, RRGMRES EGWs℄MbuAF y:Isf�v� MINRESga��v� Symmlq ga, ��Q	F� 0.3701s, �� RRGMRES gaNbGWs�'hfWZI_O.

5. A��G��5 Symm �lg/�wb8���&:b8�QS�w, =Æ Krylov �Y0gav3n$ Symm �lg/℄�?I RRGMRESga, �C8n℄��Æ,v3n RRGMRESgah�n%�ha'hIZ�=�, =�����lu3gaZ Symm �lg/$?NbKSIX8:�b1:. + C S U
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