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Abstract

In this paper, a high accurate finite volume method is given for diffusion equations with

anisotropic diffusion coefficients on unstructured meshes. In order to deal with distorted

meshes, the vertex unknowns are introduced as the middle quantities in the construction

of this method besides the cell-centered unknowns. The “twin-fitting” method is applied

to computing the vertex unknowns for diffusion equations with anisotropic coefficients, so

that the resulting method is solved by the cell-centered unknowns. Numerical experiments

show that this method can deal with distorted meshes and anisotropic diffusion coefficient

problem.
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1. )��'+h{�;�Qi>, �M<E-%�QY�N<2�2g_. �l�|�pn4Q=(��m��$�p�C0�Æ�S&+, �--(S/Y�<ww y2dY��4.  $S8�A��WQ℄
|78=(WQ�A|, y6Y��4<E, ��vv*6��7=*6��<ES, �i2ICB
eQ{�=(�tS4. i�y=��D�C�y, �U8YU^9;�6~g^Q(j, ÆSWQNjS4. $y6Y��4Q�A=(-%�s"(j, (�p=(w QS/Y��4, i*6=(�4, �m%�WtwQ!e64nj, -�, �p=(�i>��dWtwQ!e64nj. i�!z.�G�p, i��^GG,Wt�~g^�dG,�^s*Qjls�Æ�pn4�p(Q
L. >T�BA�i>�d[(j, Bp(jCR}sI�
, �
Æ/$�s.�, �� Kershaw �	 [7] �I0(jnj [9] Snj, '�
Æ/$)M;�,iÆN,SeN�Qf�d�yD�sQ*s�	[8]��g|g=Q�	[15,16]�g��Y�	 [17]�Hermeline �	 [5,6]�dY9�nj [1−3] �70~�d(j [10−12] S. BpnjCdCb�l;|�pn4, �bD�C�yS4!C!���. 2�b$d_US4, d�nj8YU^9;Q=(g^U.9b>[df,U8i>�0~�dnj[10−12] 9��6B5��8MN���℄!r!^n~g^Q�K=(�	, Cb��y	�l;|�p℄�Q�pn4y=gK�	�, ��l{;�G`�p℄�S4Q��8�~g^XY�=(nj,CC}r��p*s�	[8] Q=(g^. f�d�yD�sQ�p*s�	[8] TI�m��$�A=(W, 0r!n#<	, 8"�yD�s1IlY�	�JD�GQ�?(IXY�	. IS8D�C�y�,�\=(Sv^, �U8d_U^9;Q=(g^KU.  $C�yD�sG,�^*Qjls�Q=(��Vjb��'G,Wt��8�Q�d, �jXY�2I�`, �UXY�Q=(g^8!C4^v[��	g^. 8�A=(WI�I(=(�, ��%�(XYh%QG,Wt�Qg|p ��dXY�. 
$XY�Q=(, �i>��d(j. r:%�QÆ(�MwD℄nj [8] �℄℄℄�(�p℄�2G��(G,WtLXYGs2l�QD℄n	 [4], B��nj $IG|�8&D�sQ~g^f8�A=(W��m��,I8C�yD�sg^�'PU,}Q!��. d:Gi>��pnj,
��1	>ynj [13,14]��g|g=nj [15,16] �0~�dnj [12] , Bp(j89bC�yD���i�:Q(j!TC}, I�`!Cbe85�, 8b"DCD��y�g^�'PU. 'A, s�nj8YU^9Qg^KU, !C5o2�2~g^<EQ~Y.�QCbd_U�l�|�pn4, y=��[qZ�d�yD�~g^!e64=(�	�O0~�dXY�=(nj[12] �>LpEy	�l�|�p℄�Wy, 9%�!;Qg|��\�d(XYh%QnRyjD�sQO^, 79��6jD��sQO^���*Qjls����_[XY�, {nj=(IG�Ur!:���.Q?Q
Bh�Ii`�W 1 #s�8pEy	�l�|�p℄�Q�pn4Q!e64nj�W 2 #sO0~�dXY�=(nj [12] i>LpEy	�l�|�p℄�Q�pn4�W 3 #s9��M(�(�rZQ!e64nj�r#b�QQBh{�nZ.

2. *%!	�~z.i`�pS4
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∂u
∂t

= ∇ · (K∇u) +R, t ∈ [0,∞), (x, y) ∈ Ω

αu+ βK∇u · n = ψ, (x, y) ∈ ∂Ω

u(x, y, 0) = u0

(1)SW ΩÆ R2�GWQ!^d�yZ+, nÆS�^ ∂ΩsQGNAjl�,KÆpEy	Q℄�, R, u0, α, β, ψÆ�[Q��. 8�pS4W, u����O^,K Æ�p℄�, F = −K∇u��*. 8S4 (1) W7�8M u0(x, y) �8, �^8MQ�B	W, α 6= 0, β = 0 �I
Dirichlet �^8M, α = 0, β 6= 0 �I Neumann �^8M, αβ 6= 0 �I- �^8M.�X�8Z+ Ω Qf�d�yD�Oss�pn4 (1) Q��!e64nj. yWtI
OL QG,�WtI OR QG,hQ$� γ =

−−→
AB, i< 1 -�. 8G, OL sb�pn4 (1)��4s, �� uL = 1

VL
∫OL

udxdy IG, OL sQMwO^, VL ��G,94, =!
∂uL

∂t
= −

1

VL
∫

∂OL

F · nLds+RL, (2)SW nL IG, OL QGNAjl�. ( uL IG,WtMJ�, =�p (2) 	Q
LÆi��dD��s*Qjls�. `9�� γ s*Qjls� ∫γ F · nABds I�r6_u�pnj.

ORΩR

A

B

OL ΩL

= 1 � γ _HRE�O^���*Qjls���Æ�pn4QB5��8M.  $O^��, �dnj%�G�dj	�d� γ �'QO^, f/$*Qjls���, PLG`�p℄�;O^Q3^G`. 0~�dnjs�%���dj	�d� γ �'QO^, 9�n#<	s�[QO^M�� γ sQB5��8M_[dj	, PL*Qjls�.`9b�8�p��. (
nAB =

(

n1

n2

)

=
1

|AB|

(

yB − yA

xA − xB

)

,0Æ nL 8� γ sQeT, R
(−−→
AB
)

= nAB |AB|.g|�� pL (x, y) � pR (x, y) s��$�dnRy ∆OLAB � ∆ORAB sQO^, 08Æ SsQ94v�/��p 2Q. 9
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pL (x, y) = uAq
l
A (x, y) + uBq

l
B (x, y) + uLq

l
L (x, y) ,

pR (x, y) = uAq
r
A (x, y) + uBq

r
B (x, y) + uRq

r
R (x, y) ,�P

∇qlA =
R
(

−−−→

OLB
)

SL
,∇qlB =

R
(

−−−→

AOL

)

SL
,∇qlL =

R
(

−−→

BA
)

SL
, SL =

−−−→
OLA · R

(−−−→
OLB

)

,

∇qrA =
R
(

−−−→

BOR

)

SR
,∇qrB =

R
(

−−−→

ORA
)

SR
,∇qrR =

R
(

−−→

AB
)

SR
, SR =

−−−→
ORA · R

(−−−→
BOR

)

,$Æ, �� pL (x, y) � pR (x, y) !b5on#<	 ∆OLAB � ∆ORAB sQO^M, fU�6�� γ sQO^��8M. JO^M uA � uB  ℄�&� α = uA+uB

2 � β = uB−uA

2 ���,  � γ s*Qjls���}PL&� α. ��s,

FL
AB = −KL∇pL (x, y) ·R

(−−→
AB
)

= −∇pL (x, y) ·KT
LR

(−−→
AB
)

= − 1
SL

[

(α− uL)R
(−−→
AB
)

+ β
(

R
(−−−→
AOL

)

+R
(−−−→
BOL

))]

·KT
LR

(−−→
AB
)

,
(3)

FR
AB = −KR∇pR (x, y) · R

(−−→
AB
)

= −∇pR (x, y) ·KT
RR

(−−→
AB
)

= − 1
SR

[

(uR − α)R
(−−→
AB
)

+ β
(

R
(−−−→
ORA

)

+R
(−−−→
ORB

))]

·KT
RR

(−−→
AB
)

,
(4)m FL

AB = FR
AB, =!

α =
1

R
(

−−→

AB
)

·KT

L
R
(

−−→

AB
)

SL
+

R
(

−−→

AB
)

·KT

R
R
(

−−→

AB
)

SR

[

R
(

−−→

AB
)

·KT

R
R
(

−−→

AB
)

SR
uR +

R
(

−−→

AB
)

·KT

L
R
(

−−→

AB
)

SL
uL

+ β
(

1
SR

(

R
(−−−→
ORA

)

+R
(−−−→
ORB

))

·KT
RR

(−−→
AB
)

− 1
SL

(

R
(−−−→
AOL

)

+R
(−−−→
BOL

))

·KT
LR

(−−→
AB
))]

,Os	 α Ej (3) .A (4), �f� γ s*Qjls�d$I
FL
AB = FR

AB = K̃ [uL − uR +D (uB − uA)] , (5)SW
K̄ =

1
SL

R
(

−−→

AB
)

·KT

L
R
(

−−→

AB
) + SR

R
(

−−→

AB
)

·KT

R
R
(

−−→

AB
)

,

D =

R(−−−→

AOR)+R(−−−→BOR)
2

·KT

R
R
(

−−→

AB
)

R
(

−−→

AB
)

·KT

R
R
(

−−→

AB
) +

R(−−−→OLA)+R(−−−→

OLB)
2

·KT

L
R
(

−−→

AB
)

R
(

−−→

AB
)

·KT

L
R
(

−−→

AB
) ,

(6)b$B� γ, Ss*Qjls� (5) � (6) 	�d. b$ Dirichlet �^sQ� γ, !
FL
AB = − 1

SL

[

uAR
(−−−→
OLB

)

+ uBR
(−−−→
AOL

)

− uLR
(−−→
AB
)]

·KT
LR

(−−→
AB
)

, (7)= (7) 	�8�Ss*Qjls�Q�d�	.m�G%��	�p, =n4 (2) Q�p(I
un+1
L − unL

∆t
= −

1

VL
F̃n+1
∂OL

+RL, (8)SW ∆t I�G"., unL Æ�~ n∆t � uL QM, F̃∂OL
�� ∂OL s�Q�M*Qjls�, (5), (6) 	. (7)	�8. $Æ, b$pEy	�l�|�p℄�Q�pn4,9�0~�d



316 �N>))>)2�� 2017 Hnj, PL�f�d�yD�sQ�p*s�	 (8), �U8�l;|�p℄�Wy, �	 (8)?(IQ [8] WQ�p*s�	.8�A=(W, XY��^GG,Wt�g|�8, =�	 (8) 8��"�yD�sÆlY�	, 8GQD�s?(IXY�	, Sg^rZ XY�Q=(g^�_[.

3. ��Æ}����~�X��8;�G`�p℄�S4sr!~g^�Q0~�dnj, OQ [12] W=(��y	�l;|�p℄�Q0~XY�=(nji>Ld�yqZ�D�s=(pEy	�l�|Q�p℄�.z. N 8D��hQ$;��XYW� (K< 2). yXY�I u0, =0��I^G N�G,Wt� u1, u2, · · · , uN QD℄g|p , 9
u0 =

N
∑

i=1

wiui,SW wi IG,Wt� ui Q℄℄. ��
Ys	b-�\�b2�, $Æ N
∑

i=1

wi = 1.
$XY�Q=(, �bz.XY^Gvv,Q|U, ��O^���*Qjls���. S?, XY^GQ�p℄�8O^�(t#�ÆtIG`℄��;�Q. fb$��y	QG`�l;|�p℄�, 0~�dnj�H�Cb*Qjls� [10,11] �XY� [12] {~g^Q�d. �XOQ [12] W0~XY�=(nji>I�l�|�p℄�Wy, 9%�!;Qg|��\�d(XYh%QnRyjD�sQO^, n#<	s�[QO^M��pn4QB5��8M�$_[dj	.

........................

......................

O
A1

A2

A3

AN

O1
O2

O3

ON

Ai= 2 �%YZ>)Ro$Pt=r6V, i< 2 -�, O(0, 0) � Ak(xk, yk)(1 ≤ k ≤ N) s�ÆXY7S(Kh%QXYn#v�, Ok(sk, rk)(1 ≤ k ≤ N) Æ^GG,WtQn#v�, rQ0~XY�=(nj"ai`:�b, 87�G, Ok(sk, rk)(1 ≤ k ≤ N) s, nRy ∆OOkAk+1 � ∆OOkAk s!94
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pk,l(x, y) = uOq
O
k,l(x, y) + ukqk,l(x, y) + uAk+1

q
Ak+1

k,l (x, y)

= uO + (uk − uO) qk,l(x, y) +
(

uAk+1
− uO

)

q
Ak+1

k,l (x, y),

pk,r(x, y) = uOq
O
k,r(x, y) + ukqk,r(x, y) + uAk

qAk

k,r(x, y)

= uO + (uk − uO) qk,r(x, y) + (uAk
− uO) q

Ak

k,r(x, y),SW k �?2*[M 1, 2, · · · , N , =B:�/��Q3^I
∇qk,l(x, y) =

R
(−→
OAk+1

)

2Sk,l

, ∇q
Ak+1

k,l (x, y) =
R
(−−→
OkO

)

2Sk,l

, 2Sk,l = skyk+1 − rkx,

∇qk,r(x, y) =
R
(−→
OAk

)

2Sk,r

, ∇qAk

k,r(x, y) =
R
(−−→
OkO

)

2Sk,r

, 2Sk,r = skyk − rkxk.S?, �rog3j�6� −−→
OAk (1 ≤ k ≤ N) �'*Qjls���, �>�_[O^

uAk+1
− uO, 9
Y

min
uA1

,··· ,uAN

S, S =

N
∑

k=1

S2
k (9)SW

Sk = −∇pk,r ·K
T
k R

(−−→
OAk

)

+∇pk−1,l ·K
T
k−1R

(−−→
OAk

)

= (uk − uO) gk − (uk−1 − uO)wk + (uAk
− uO) (vk − tk) ,B�

gk = −∇qk,r ·K
T
k R

(−−→
OAk

)

= −
R
(−−→
OAk

)

·KT
k R

(−−→
OAk

)

2Sk,r

,

vk = −∇qAk

k,r ·K
T
k R

(−−→
OAk

)

= −
R
(−−→
OkO

)

·KT
k R

(−−→
OAk

)

2Sk,r

,

wk = −∇qk−1,l ·K
T
k−1R

(−−→
OAk

)

= −
R
(−−→
OAk

)

·KT
k−1R

(−−→
OAk

)

2Sk−1,l
,

tk = −∇qAk

k−1,l ·K
T
k−1R

(−−→
OAk

)

= −
R
(−−−−→
Ok−1O

)

·KT
k−1R

(−−→
OAk

)

2Sk−1,l
,6oS4 (9) SEIY\`9QS4, 9

min
uA1

,··· ,uAN

S ⇐⇒
∂S

∂uAk

= 0, (1 ≤ k ≤ N)=!
(uAk

− uO) (vk − tk) = − (uk − uO) gk + (uk−1 − uO)wk, (1 ≤ k ≤ N) (10)�B	 (10) }q2pEy	, 9
AN×NUN×1 = GN×NWN×1,SW

U = (uA1
− uO, · · · , uAN

− uO)
T
, W = (u1 − uO, · · · , uN − uO)

T
,
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UN×1 = CN×NWN×1, CN×N = A−1W.$Æ, !

uAk
− uO =

N
∑

m=1

Ckm (um − uO) , (1 ≤ k ≤ N). (11)r#, �rog3j�6� −−→
OOk (1 ≤ k ≤ N)�'*Qjls���,�>�_[XY�

uO, 9
Y
min
uO

R, R =
N
∑

k=1

R2
k (12)SW

Rk = (∇pk,l −∇pk,r) · R
(−−→
OOk

)

= (hk − ek) (uk − uO) + dk (uAk
− uO)− zk

(

uAk+1
− uO

)

,B�
hk = −∇qk,r · R

(−−→
OOk

)

= −

−−→
OAk ·

−−→
OOk

2Sk,r

, dk = −∇qAk

k,r ·R
(−−→
OOk

)

=

∣

∣

∣

−−→
OOk

∣

∣

∣

2

2Sk,r

,

ek = −∇qk,l ·R
(−−→
OOk

)

= −

−−−−→
OAk+1 ·

−−→
OOk

2Sk,l

, zk = −∇qAk

k,l · R
(−−→
OOk

)

=

∣

∣

∣

−−→
OOk

∣

∣

∣

2

2Sk,l

,O (11) 	Ej Rk, F�#}P
Rk =

N
∑

m=1

(dkCk,m − zkCk+1,m) (um − uO) + (hk − ek) (uk − uO)

=

N
∑

m=1

Ek,m (um − uO),

(13)

Rk }�pE,& Ek,m �B. 6oS4 (12) SEIY\`9QS4, 9
min
uO

R ⇐⇒ 0 =
∂R

∂uO
= 2

N
∑

k=1

∂Rk

∂uO
Rk,

(13) 	Ejs	, =!
0 =

N
∑

k=1

∂Rk

∂uO
Rk=−

N
∑

k=1

[

N
∑

m=1

Ek,m

(

N
∑

n=1

Ek,nun −

N
∑

n=1

Ek,nuO

)]

= −
N
∑

k=1

(

N
∑

n=1

Ek,n

N
∑

n=1

Ek,m

)

un +
N
∑

k=1

(

N
∑

n=1

Ek,n

)2

uO,$Æ, XY� uO I
uO =

N
∑

n=1

(

N
∑

k=1

Ek,n

N
∑

m=1
Ek,m

)

N
∑

k=1

(

N
∑

n=1
Ek,n

)2 un. (14)



4 R %�" T: �m�}�qo5R�h_)k 3190~XY�=(nj (14) ÆQ [12] WXY�=(njQ�"i>, 08Q�;!i�"a/��R, 8�l;|�p℄�Wy08Q=(�	P!Fo*�, 8�M�dsÆSEQ. nj (14) =(IG, }LV��$%� (5),(6) 	. (7) 	=(*Qjls�Q*s�	
(8).

4. �,���XOrQ0~XY�=(nj�I�tritwin�, OK��$%� (5), (6) 	. (7) 	=(*Qjls�Q�p*s�	 (8) (�I�DS�), 9��M(�(�rQ�p*s�	
DS-tritwin8C�yf�d�yD�s�G`�p℄�Wy (���l;|��l�|)Q�M�d.I�n��M�T, � DS I%�(�MwD℄njQ�p*s�	 (8)�� DS-kd I%�(�p℄�2G�(XY�G,WtGs2l�QD℄n	Q�p*s�	 (8)�� DS-kTI%�Q [14] W1	>yD℄n	Q�p*s�	 (8)�� DS-ew2 I%�Q [16] W�g|g=QWg[	D℄n	Q�p*s�	 (8). nj DS-kd � DS-kT ��$�l;|Q�p℄�, S&nj\}��$�l�|Q�p℄�.(�<wIr! Dirichlet �^8MQ�pn4, 9















∂u

∂t
= ∇ · (K∇u) +R, Ω = [0, 1]× [0, 1] , t ∈ [0,∞)

u = u(x, y), (x, y) ∈ ∂Ω

u(x, y, 0) = 0(�D����C
D�,�
ÆZ�"�yD�,��&D��+1D�� KershawD�
(K< 3), '�
ÆqZ�nRyD� (K< 4).
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(���q^�T5) (Ha�q^�T5)= 4 r[�oSzE��M(�W�rC[* Eh
max �wn[* Eh

L2 7Sh�Q��W qmax � qL2 �s\=(Z�, SW
Eh

max = max
j

∣

∣uhj − uj
∣

∣ , Eh
L2 =

(

∑

j

(uhj − uj)
2Vj

)
1
2

,

qmax = log2
Eh

max

E
h

2
max

, qL2 = log2
Eh

L2

E
h

2

L2

,B� uj � uhj s���g_\��M\8W j �G,Wt;QM, Vj ��W j �G,Q94, h 8Z�D�s���v�`QOsu�, 8qZ�D�s��nG,�.� 1(�l;|Q���p℄�S4)Æ�s�X�njs�8(�D�s{�p=(,SW�p℄��0js�I
K = 1, R = 2π2 sinπx sin πy,g_\I

u(x, y, t) = sinπx sinπy.y 1 � 1 ���x&��"��|
���ok E6
max E12

max E24
max E48

max qmax

DS 7.7991E-002 2.8846E-002 8.1354E-003 2.1263E-003 1.94

DS-kd 2.7840E-002 1.2238E-002 3.4090E-003 8.7307E-004 1.97

DS-kT 3.1861E-002 8.8814E-003 2.6129E-003 7.3424E-004 1.83

DS-ew2 3.2567E-002 8.9327E-003 2.6142E-003 7.3429E-004 1.83

DS-tritwin 3.2573E-002 8.9525E-003 2.6148E-003 7.3430E-004 1.83ok E6
L2 E12

L2 E24
L2 E48

L2 qL2

DS 2.1772E-002 8.4715E-003 2.4852E-003 6.5153E-004 1.93

DS-kd 1.4995E-002 4.6651E-003 1.2586E-003 3.2206E-004 1.97

DS-kT 1.6820E-002 4.6294E-003 1.1989E-003 3.0336E-004 1.98

DS-ew2 1.6982E-002 4.6237E-003 1.1983E-003 3.0332E-004 1.98

DS-tritwin 1.7001E-002 4.6147E-003 1.1972E-003 3.0324E-004 1.98
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���ok E6
max E12

max E24
max E48

max qmax

DS 3.4510E-002 2.2773E-002 2.2822E-002 2.2218E-002 0.04

DS-kd 2.3280E-002 9.1007E-003 1.0422E-002 1.0645E-002 -0.03

DS-kT 2.7819E-002 9.9518E-003 2.5042E-003 6.4231E-004 1.96

DS-ew2 2.7552E-002 9.9352E-003 2.5046E-003 6.4396E-004 1.96

DS-tritwin 2.7519E-002 9.9548E-003 2.5153E-003 6.4290E-004 1.97ok E6
L2 E12

L2 E24
L2 E48

L2 qL2

DS 1.2386E-002 7.8517E-003 1.0921E-002 1.0867E-002 0.00

DS-kd 1.1244E-002 2.9922E-003 4.7942E-003 5.1471E-003 -0.10

DS-kT 1.3284E-002 3.1955E-003 8.0735E-004 2.0091E-004 2.01

DS-ew2 1.3276E-002 3.1870E-003 8.1089E-004 2.0187E-004 2.01

DS-tritwin 1.3314E-002 3.2000E-003 8.1528E-004 2.0160E-004 2.02y 3 � 1 ���x& Kershaw "��|
���ok E6
max E12

max E24
max E48

max qmax

DS 0.218701 0.178855 0.131332 8.2830E-002 0.67

DS-kd 0.194335 0.149298 0.100922 6.1365E-002 0.72

DS-kT 0.127297 8.5363E-002 4.0751E-002 1.4727E-002 1.47

DS-ew2 0.125692 8.5303E-002 4.0777E-002 1.4732E-002 1.47

DS-tritwin 0.126713 8.4766E-002 4.0731E-002 1.4735E-002 1.47ok E6
L2 E12

L2 E24
L2 E48

L2 qL2

DS 9.1323E-002 7.5720E-002 5.2271E-002 3.1254E-002 0.74

DS-kd 7.6367E-002 6.0351E-002 3.9793E-002 2.2796E-002 0.80

DS-kT 4.4570E-002 3.1949E-002 1.5436E-002 5.4218E-003 1.51

DS-ew2 4.3622E-002 3.1805E-002 1.5429E-002 5.4222E-003 1.51

DS-tritwin 4.5520E-002 3.1636E-002 1.5414E-002 5.4237E-003 1.51y 4 � 1 ����&"��|
���ok E86
max E344

max E1376
max qmax

DS 1.5197E-002 4.4168E-003 2.5079E-003 0.82

DS-kd 1.5253E-002 3.9596E-003 1.4970E-003 1.40

DS-kT 1.5194E-002 3.9363E-003 9.6178E-004 2.03

DS-ew2 1.5196E-002 3.7385E-003 9.5217E-004 1.97

DS-tritwin 1.5286E-002 5.0789E-003 1.1208E-003 2.18ok E86
L2 E344

L2 E1376
L2 qL2

DS 6.7270E-003 1.2671E-003 9.6863E-004 0.39

DS-kd 6.7693E-003 1.2051E-003 4.6426E-004 1.38

DS-kT 6.7231E-003 1.6001E-003 3.8777E-004 2.04

DS-ew2 6.7336E-003 1.6260E-003 3.9712E-004 2.03

DS-tritwin 6.8068E-003 1.6866E-003 4.1782E-004 2.018-!�W, qmax � qL2 ÆOsG,n�rC�Q��W. � 1–4 Æ� 1 Q=(Z�, �wn[*b=(Z�{s\. 8Z�&D�s, DS-tritwin Q��Wd$gW, �S0nj�R. 8Z�+1D�s, DS-tritwin (nj DS-kT � DS-ew2 �R, d$gW��, fS



322 �N>))>)2�� 2017 H0nj6!��/. 8Z� Kershaw D�s, DS-tritwin (nj DS-kT � DS-ew2 �R, d$ 1.5 W��, S0nj!L 1 W��. 8qZ�nRyD�s, DS-tritwin (nj DS-kT �
DS-ew2 �R, d$ 2 W��, nj DS-kd d$ 1.4 W��, nj DS d$ 0.4 W��.� 2(�l;|QG`�p℄�S4)Æ�s�X�njs�8(�D�s{�p=(,SW�p℄��0js�I

K =

{

13, x ∈ [0, 12 ]

1, x ∈ [ 12 , 1]
, R =

{

26π2 sinπx sinπy, x ∈ [0, 12 ]

26π2 sin 5πx sinπy, x ∈ [ 12 , 1]
,g_\I

u(x, y, t) =

{

sinπx sin πy, x ∈ [0, 12 ]

sin 5πx sinπy, x ∈ [ 12 , 1]
.y 5 � 2 ���x&��"��|
���ok E6

max E12
max E24

max E48
max qmax

DS 1.310294 0.272969 8.8082E-002 2.3814E-002 1.89

DS-kd 1.321264 0.275724 9.0251E-002 2.3562E-002 1.94

DS-kT 1.319974 0.270701 8.6303E-002 2.1644E-002 2.00

DS-ew2 1.316067 0.273698 9.0087E-002 2.4503E-002 1.88

DS-tritwin 1.315180 0.273676 9.0081E-002 2.4502E-002 1.88ok E6
L2 E12

L2 E24
L2 E48

L2 qL2

DS 0.409540 7.8453E-002 1.7986E-002 4.4142E-003 2.03

DS-kd 0.417433 7.9861E-002 1.8210E-002 4.4094E-003 2.05

DS-kT 0.417138 7.8179E-002 1.7692E-002 4.5418E-003 1.96

DS-ew2 0.416998 7.8836E-002 1.7973E-002 4.3956E-003 2.03

DS-tritwin 0.417007 7.8836E-002 1.7972E-002 4.3956E-003 2.03y 6 � 2 ���x&��"��|
���ok E6
max E12

max E24
max E48

max qmax

DS 0.622678 0.287584 6.6095E-002 2.4503E-002 1.43

DS-kd 0.619550 0.296741 7.6808E-002 1.1691E-002 2.72

DS-kT 0.615380 0.303483 8.7293E-002 2.2144E-002 1.98

DS-ew2 0.616310 0.305614 8.7397E-002 2.2395E-002 1.96

DS-tritwin 0.616261 0.305607 8.7408E-002 2.2393E-002 1.96ok E6
L2 E12

L2 E24
L2 E48

L2 qL2

DS 0.202890 7.9196E-002 1.6022E-002 9.7073E-003 0.72

DS-kd 0.204010 8.1316E-002 1.5824E-002 4.4518E-003 1.83

DS-kT 0.205054 8.3424E-002 1.8308E-002 4.0013E-003 2.19

DS-ew2 0.205502 8.4006E-002 1.8321E-002 4.0341E-003 2.18

DS-tritwin 0.205566 8.4010E-002 1.8325E-002 4.0342E-003 2.18
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���ok E6
max E12

max E24
max E48

max qmax

DS 0.909723 0.225984 0.125891 7.9926E-002 0.66

DS-kd 0.936175 0.218269 0.104614 6.3296E-002 0.72

DS-kT 0.910157 0.231608 8.0947E-002 3.0257E-002 1.42

DS-ew2 0.913191 0.232462 8.3677E-002 3.1496E-002 1.41

DS-tritwin 0.906089 0.233095 8.4116E-002 3.1558E-002 1.41ok E6
L2 E12

L2 E24
L2 E48

L2 qL2

DS 0.307720 8.0672E-002 4.1810E-002 2.3881E-002 0.81

DS-kd 0.314970 7.5241E-002 3.4713E-002 1.9387E-002 0.84

DS-kT 0.312658 7.6083E-002 2.7897E-002 9.8694E-003 1.50

DS-ew2 0.309480 7.3838E-002 2.6441E-002 8.9301E-003 1.57

DS-tritwin 0.305703 7.4190E-002 2.6544E-002 8.9442E-003 1.57y 8 � 2 ����&"��|
���ok E86
max E344

max E1376
max qmax

DS 0.182568 4.9486E-002 1.1505E-002 2.10

DS-kd 0.177249 4.8963E-002 1.2390E-002 1.98

DS-kT 0.174685 4.9128E-002 1.3347E-002 1.88

DS-ew2 0.177629 5.1091E-002 1.3596E-002 1.91

DS-tritwin 0.184403 5.3067E-002 1.3936E-002 1.93ok E86
L2 E344

L2 E1376
L2 qL2

DS 6.5709E-002 1.4444E-002 3.4975E-003 2.05

DS-kd 6.5639E-002 1.4555E-002 3.4885E-003 2.06

DS-kT 6.5370E-002 1.4614E-002 3.6023E-003 2.02

DS-ew2 6.6010E-002 1.5017E-002 3.6949E-003 2.02

DS-tritwin 6.7193E-002 1.5653E-002 3.8898E-003 2.01� 5–8Æ� 2Q=(Z�. �wn[*b=(Z�{s\. 8Z�&D��Z�+1D��qZ�nRyD�s, DS-tritwin (S0�M�d�Qnj/��R, d$ 2 W��.f8Z� KershawD�s, DS-tritwin BL 1.5 Ws#Q��, (nj DS-kT � DS-ew2 /��R, fnj DS � DS-kd !L�W��.s9���l;|�p℄�Q(�W, /$IG|z., nj DS-tritwin�$nj DS-kT� DS-ew2, f/$=(g^Qz.,nj DS-tritwin (nj DS-kT, DS-ew2 Q�M�dhd,(Q [12] WQZ��R. 8`9�l�|�p℄�Q(�W, �[nj DS-ew2 ( DS-tritwin{�T.� 3(��Q�l�|�p℄�S4) 8(�D� (< 4) s=(�pS4, SW�p℄�I
K =

(

1.5 0.5

0.5 1.5

)

,g_\I
u(x, y, t) =

1

2

[

sin ((1 − x)(1 − y))

sin(1)
+ (1− x)

3
(1− y)

2

]

,
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���ok E6
max E12

max E24
max E48

max qmax

DS-ew2 9.5179E-003 4.7485E-003 1.5144E-003 4.2504E-003 1.83

DS-tritwin 9.5240E-003 4.7476E-003 1.5143E-003 4.2504E-004 1.83ok E6
L2 E12

L2 E24
L2 E48

L2 qL2

DS-ew2 3.3212E-003 1.1283E-003 3.1024E-004 7.9511E-005 1.96

DS-tritwin 3.3284E-003 1.1282E-003 3.1019E-004 7.9507E-005 1.96y 10 � 3 ���x&��"��|
���ok E6
max E12

max E24
max E48

max qmax

DS-ew2 6.4179E-003 2.8105E-003 9.0518E-004 2.7364E-004 1.73

DS-tritwin 6.4163E-003 2.8098E-003 9.0416E-004 2.7340E-004 1.73ok E6
L2 E12

L2 E24
L2 E48

L2 qL2

DS-ew2 2.1021E-003 5.9664E-004 1.3506E-004 3.2577E-005 2.06

DS-tritwin 2.1232E-003 6.0090E-004 1.3648E-004 3.2804E-005 2.06y 11 � 3 ���x& kershaw "��|
���ok E6
max E12

max E24
max E48

max qmax

DS-ew2 2.6910E-002 9.5047E-003 3.0355E-003 8.6825E-004 1.81

DS-tritwin 3.0088E-002 9.5354E-003 3.0259E-003 8.6658E-004 1.80ok E6
L2 E12

L2 E24
L2 E48

L2 qL2

DS-ew2 9.2239E-003 2.6326E-003 7.3782E-004 1.9854E-004 1.89

DS-tritwin 1.0354E-002 2.6427E-003 7.3505E-004 1.9807E-004 1.89y 12 � 3 ����&"��|
���ok E86
max E344

max E1376
max qmax

DS-ew2 6.6322E-003 2.5993E-003 8.2506E-004 1.66

DS-tritwin 6.5427E-003 2.7103E-003 5.6380E-004 2.27ok E86
L2 E344

L2 E1376
L2 qL2

DS-ew2 2.2316E-003 5.8437E-004 1.6837E-004 1.80

DS-tritwin 2.1820E-003 5.7180E-004 1.3894E-004 2.04� 9–12Æ� 3Q=(Z�. 8-!QZ�D�s,V3rC[*)Æwn[* DS-tritwin( DS-ew2 Q��W�R. r6V, 8&D��+1D�swn[*d$ 2 W��, 8 Ker-

shaw D�swn[*d$ 1.9 W��. f8qZ�nRyD�s, DS-tritwin Qwn[*BL 2 Ws#, nj DS-ew2 Qwn[*BL 1.8 W��.� 4(�l�|QG`�p℄�S4) 8#s(�D�s{�p=(, SW0j R = 0,�p℄�I
K = d(x, y)

(

1 0.1

0.1 1

)

, d(x, y) =

{

1 0 ≤ x < 1
2

10 1
2 ≤ x ≤ 1

,g_\I
u(x, y, t) =

{

20x
11 0 ≤ x < 1

2
9+2x
11

1
2 ≤ x ≤ 1

.
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���ok E6
max E12

max E24
max E48

max qmax

DS-ew2 8.2376E-004 3.3898E-004 2.8139E-004 2.4226E-004 0.22

DS-tritwin 5.5487E-010 3.7882E-011 7.4075E-010 5.2349E-010 -ok E6
L2 E12

L2 E24
L2 E48

L2 qL2

DS-ew2 1.9125E-004 8.7488E-005 5.8366E-005 4.6333E-005 0.33

DS-tritwin 1.7759E-010 1.1004E-011 2.6425E-010 1.8729E-010 -y 14 � 4 ���x& kershaw "��|
���ok E6
max E12

max E24
max E48

max qmax

DS-ew2 4.9894E-003 3.0259E-003 2.0312E-003 1.2110E-003 0.75

DS-tritwin 2.0758E-010 3.7415E-010 6.3527E-010 4.0953E-010 -ok E6
L2 E12

L2 E24
L2 E48

L2 qL2

DS-ew2 1.5716E-003 8.8938E-004 4.6359E-004 2.3261E-004 0.99

DS-tritwin 7.4621E-011 1.2715E-010 1.5580E-010 1.1155E-010 -y 15 � 4 ����&"��|
���ok E86
max E344

max E1376
max qmax

DS-ew2 2.9710E-004 4.0164E-004 2.5636E-004 0.65

DS-tritwin 7.9835E-010 6.3080E-010 1.0888E-010 -ok E86
L2 E344

L2 E1376
L2 qL2

DS-ew2 8.5712E-005 6.9625E-005 3.0989E-005 1.17

DS-tritwin 2.8025E-010 1.8158E-010 3.8478E-011 -� 13–15Æ� 4Q=(Z�. 8&D�s:$-!Qnj�M�d\!A, 	��!7{�M�T. 8Z�+1D�, Z� Kershaw D��qZ�nRyD�s, nj DS-tritwinQrC[*�wn[*\BL E-010,B8�Ms�I 0, 96![*, fnj DS-ew2 Q[*!C�I 0, r�Q��W�I 1. �s"��jQ�M�d :,8��y	Q�l;|�p℄�S4s,njDS-tritwin(S/�M�d�Qnj�R,f8pEy	Q�l�|�p℄�S4s,nj DS-tritwinr!T~Q=(g^.

5. �����QCbd_U�l�|�pn4, y=��[/$qZ�d�yD�Q~g^!e64=(�	�O0~�dXY�=(nj [12] �>L�l�|�p℄�Wy, N��XY�=(nj, �(jP��$G,Wt�. �MZ��:{(jCT�<Ed_U�l�|�pS4, �bC�yD�!T�Q��|, [P5�Z�.
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