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1. 5]
ATV TSR A H A AT e Stokes 75 FERTBEZ TR ET¥5. I8 T AL [ 3
{ —vAu+Vp =f FEQWH,

it

divu =0, £ Q WA, (1.1)
u =0, 7£0Q L,

Hep Q¢ R? RARKE, v > 0 ZrFPERE £ ZonH), u = (ur,ue) fl p 5 HIFRHE
BERIEST. W (1.1) #9320 K (u,p) € (H§(Q2))? x L*(Q) 45

{V(Vu,Vv)—(divv,p) =(f,v), VWve(HIN))?,

) (1.2)
(divu,q) =0, Vg € L*(Q).

SRARMIRE (1.2) B9 FZ R T RIAIORAT A5k, A THRERMSER, MRBrEs =
FF R (1.2) B59 B BIsR ue, € Vi C (HI(Q))? 1645

1
V(Vue)h, Vvh) + Z(diquh, diVVh) = <f, Vh>, Vv € Vi, (1.3)

* 2017 4E 9 H 2 HikF.
D EEWH: BEREARBIEESITE (No.11401177, 11701133), VLB EE TRFRE (No. Y201533698).
2) 185V ZMH, Email: 1ss6@sina.com.



260 i 5O 2019 4

Hep e > 0 RR—ANISH EHBE u, CRHE, WATBHREET pen € Qu C L(Q).
FE—E B AT I (1.3) M T TEREERTIE K (e, pen) € Vi x Qn C
(Hg(92))? x L*() W2

v(Vuep, Vvy) — (divvy, pen) = (E,vh), Vv € Vi,
€(Pe,n,qn) + (divuen,gn) =0, Van € Qn.

fBi% LBB 44 ) oL, BIFRAER 2 So W2

. (QhadiVVh)
inf up > Bo, Y(Vh,qn) € Vi x Qp,
oanen op 2y Tvallianl (v, gn)

XHE |- - 2BIER Sobolev 23] HY(Q) I L2(Q) F TR

I T BRI 7T, 111 bR BT VR RS S A R AN AT IR R A R AP, I HAUN 75 R i 3 B 3
PREL. PR, TREOT R — AR AR BE . R, 5 AR A . B 5k
PITEEAE TSR 8. Hok, i) (1.3) BSH#UGE & — MR AR &4, H
KB O(=) 12, iXE h FoRBEBIIMES K. K ¢ ERNE, BT ARZRER
K BT RBOT B E. IR [3,9,13] AIAL W (1.3) FRZEAM A O(e + Ry), XH
Ry, = infy, ey, |[vi —ully 4+ infy, cq, [lgn — pll. FHILEBB AL, 1158 ¢ DAHEFEN TS
AN AT HRECEIOR B, SCiR [12] f5Bh T F /M R B T —FME 51 ek B0 2.

Ue,,,h — Ue, A
Wmn,h = Ue,,h — €n 67 c —,
m — Ctn

. pem,h _pen,h
Pmn,h = Pep,h — €n——

3
€m — €n

KB (Uc,, b Pe,n) R (U, nyPe,n) PHIRERL (1.3) KT e = e Ml € = e WM. A
H' JEETHIREM A Oenen + Ra). PITISEIERAT IR “FE3AN , IF HEREBE
L2 SISl R BT VR T . DA T SEARAR SRS R BT Rk A, SRR (4, 5] 8 HA) 3 1 R BT IR
AR T — R BE T . (HRERTERFEZ KRB EYETTRA, MWL R b
RN SRS TRK

P24 0 s 43 SRR X o B0 AR 43 7 R R — Rl A o ik Y, DR TR
LV AL 175101 3207 1k i 22 B AR A B T BT A BT RS 2 IR, ¥ O A
T L2 A DA SR gt — 240 X b B T P e SR — A REL P A% _E i T . ey T8 P A 22 ) A S 4
WS RN, BT AR T AR I B RER 2 I DS e el A SOR &5 S W2 R T
AT R BT R K UEAR, R — R SREE R A AR Stokes JRIIMIZ TR BT . BIE
R 25 [A]_ESR A Stokes J77E, £ PSS W] LSRRI TIS BT, i TIISH0 R
JE W) SV 75 R 2 LA AH R B 0 R IE E R B R, OR AR EL BT 8. e BlobE 7 R W S 2 80T
PUEECA e = O(H?), X H MM EK, o > 0 2R 5757F 0 E PR S H %, 85
BEA 182, FEE MM S RIEEON h = O(H°) IRl mALniR 24 R UM
23 IRV T 40 P A% 22 AT AT PR AR/, AT TS BN s BRI, F LR AAE 4% 2 ] L 1)
Stokes J5 FEMBLHAR /N BESCH MBIE T _ERE5E. SBTIITR B0 A LB 45 R &
W, A5 S e DL I 8 S22 51 R 2577 vk T A R SR S S 8 H A R R 0.
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2. MBI EBAEREIES

% Vi x Qu(C Vi x Qp) &R T HBEFIE J7H— M MAS A R = 1], A s KA
H. THEHEE SR8 (1.2) B2 351K E07

8% 2.1.

¥ 1. K (up,pnr) € Vi x Qu W2

v(Vug,Vvy) — (divwg,pg) =, vy), Vvg e Vy, 2.1)
(divug,qg) =0, Var € Qn. '
% 2a. R (u",p") € Vi x Qn WHE
v(Vuh Vi) + H=o(diva”, divvy) = (f,vy) + (divvy, pr), Yvi € Vi, (2.2)
p? = —H °divu” + py. '
% 2b. R (uf,pi) € Vi, x Qn W
v(Vui, Vvy) + H=°(divu}, divvy,) = v(Vu”, Vvy), vy, € Vi, (2.3)
py, = —H7divuj, + . '
XH o >0 XREH
2.1, 75 RS ST, o BOEELRT R A PR IT R ZE A TR E], B,
lu—ugl+lp—pul < CH?, (2.4)

KB C BRGNS REROTEE. S8 0 RG5HE (1.2) MIENMERX FHiE (1.2) &
H® FEMEER Q2 — Q1 Bk, T o =2 9,

4 RSP T 2 BT SR 5 N I F s O.

138 2.1. & (u,p) Al (wp,pr) SBHE (1.2) fl (2.1) KM B LBB 4402, T
TPAES H EREIHH C1 W2

|u—uH|1+|p—pH|scl( inf Ju— vl + inf ||p—qH|>. (2.5)
vuEVH qEEQH

T 2.1. & (u,p) §l (uf, py) SHAFE (1.2) Fl(2.3) KIf#, Bt LBB 4407, WAE
SRR H f L TERHHE C W

IIU—UZII1+||p—p7§|§O( inf [[u—wplli + inf ||p—qh|+H2"||p—pH|>- (2.6)
VhEVR ah€QR

ERA. IR (2.2) A (2.3) AT AR SIREE N

v(Vu", Vvy) — (divvy, p") = (£, vn), Vvh € Vi, (2.7)

He(p", qn) + (divu”, gp) = H(pu,qn),  Yan € Qn '
F

v(Vuy,, Vvy) — (divve,py,) = (f, vn), Vvh € Vi, (2.8)

HO’(pZ, qh) + (leuZ, qh) = Ha(phv qh)a VQh S Qh-
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Y (1.2) 7 (2.8) AT

{u(V(uz—u>,vVh>—<divvh,p;s—p> =0, eVl g

H? (pj, — p, qn) + (div(uj, — ), qn) =Ho(p" —p,qn), Van € Q.

2 (wn, ) € Vi x QA (u,p) KUEE—ELM. £ (2.9) FEIHE—ANTREP B vi =

u; — wp, M

viuj, —wnlf = v(V(uwj, —wn), V(uj; —ws))
— (V). V0, — ) + AT~ 0 VO =)
< vllu — wnlllluf — wally + (T (0], — ), V(u;, - w))
= v[u—wsllillu} — wnll1 + (div(uj — wn), pj, — p).
ALl 7EME (2.9) HHIEEZANTTEARE gn = pj — 70, T
(div(u}, —wp),p;; —p) = (div(u} —wp), 7 —p) + (div(u — wp), p}, — m8)
+(d1V(u>;z - u),p;; - Fh) (211)

<y = whllillmn = pll + [[a — wall1llp} — 7l
—H° (pj, — p,pj, — ™) + H7 (" = p.pj, — 7).

ey fey B AT 40
H (p}, — p.pj, — ) = H ||pj, — ma||> + H (7, — p, 9}, — mn) > HO (74, — p,pf, — ). (2.12)

WA (2.10)-(2.12) ATf}

vup —wnft < <u|u—wh||1 Tl —p||)||u;; —wnlh

(2.13)
+(Iha =l + 27 m = ol + 17l = 1) i =
T LBB & AFF0 )8 (2.9) 55—\ %n
* Py — mh, divvy,
ol —mall < sup L2 )
0AVLEV), Vel
(p —7p),divvy) + v(V(u; —u),Vvy,
= sup I ) (Vui ) (2.14)
0AVLEV), Vel
<|lp—mall + v[[uj, —ullx
< lp = mnll + viluj —walli + viu—wal.
B CAER (2.13) K (2.14) GIRE
* 2 1 *
5, onl? < (= wnl+ ol ) i — (2.15)

1 (o8 (e 1 *
+ (=l + 87 = gl + 27 =571 ) (5 o1+ = wnl+ a = i )

Bo
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PIAFE Ho () 28R |- [l AR |- [ S8, RS (2.15) AR I /5 41 AR s A
BEARER vy < ca? + Ly? (c> 0 BEEH L), Filin

o 20

H . 4AH 1, .,
EIIp—thIIuh—whlllé 7 lp = p"11* + e llwh = wnlli,

KRR ZARER [u—wilh < Ju-wnly+ g —wnlls 8 lp—pill < lp=mll+ 75—l
B (2.14) 1 (2.15) &I AT{5

[u—w [l + llp = prll* < C(IIH —whllf + [lp — mal* + H*|lp —phllz), (2.16)

XEEHC>0RE5 Bo,v X BA (wh, 1) RAEEK], & [u—wpl1+[lp—7l = inf, [u—
Vh h
vulli + inf [lp—qnll, W (2.16) AIF
ahEQR

[u—wjlli +lp—pil < C( inf lu—vuli+ inf |p—qnll+H|p —phll)- (2.17)
vLEV), ah€EQR
5 ERAHrREL, s (1.2) fi1 (2.7) AT LAER
Ju - utlly + [lp - )| < c( inf u—villi+ inf [}p— onl +H“||p—pH||), (2.18)
VhEVR ah€QR
BJE (2.17) il (2.18) W]
lu=ujlli+[lp—ppll < C< inf [[u—vpl1+ inf [p—qull+H*|p —pHII)- (2.19)
VREV) an€Qn
2 b AT AN PRARE.

FHBEHE it Ju—vili+ inf [p—a. < Ch L, MFIM 2.1 AT p—pa <

CHe. 5Bl 2.1 AT, ZE40 PUA% 25 ) Lk e VAR I 40 BUAE SAATECA 7= O(H®). Kk
P A% 2 T ARDOE T 40 PR 23 AR AR, 30k 2.1 b 1 TSR Stokes FRELLEIA 55K il 1L
5h, T TISHATERCY O(H?), H o RSHM (1.2) MIEMPEASS, KIS H0T DBk
FAR/N

3. HEXW

AT R4 — B (B S T I 1 571 o O W A S, O S Bt Tk B0 1Y e
BB HA RO SRR . ZEAE S RIZITIEA Intel CPU 15-5300 (4F 4.00 GB).

B 3.1. BRI Q= (0,1) x (0,1) LM 4@ HARAE Stokes J7F2 0L 370 £ R
YT TR R T

= 2?(1 - x)*(2y — 6y® + 4y°) p=a?— 2
y2(1 — y)?(—2z + 622 — 42°) )’

AL AHRA Q2 — Q1 LB LRI % 1 FEELSH TH 3.1 29 v = 1 IEBEH
Rt u RO v, VRS, Hrp “DOFs" 7R A BN B REVIA RocifR
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BALE), B lu—wly = O(h?). fESCHUERE 2.1 I, HAEE M ML h = 1/128, RIF
BORFIRPEMAE S H =1/4,1/8,1/16,1/32. W& 2 FRIEMEERATLIA H, 2 v =11, H
PIE H = 1/8 AT LGSR RE. EREENRLNTISHE = 17 = 1/64. [
TR 3 tha i TSR BT R M) 3.1 BIIRZESE R, HRWIY e, = 1/256, e = €,/100
B en = 1/1024, €y = ,/10 A BB EIRALIRESR. XRVIBRITTRETTEF TS5
WHCERIRE. AN TRMERE v BURRMENHE 2.1 IRESR. & 2 TR HY
FVERE v AN, AR BRI P B 7 AR AR/, T 31 250t 24 B
HIBE RN, X R WP P KA TS B B BUR 5 R PE R B v RAHRK. B5 AR TSR W)
E BT PZ RO BB ST R O . Wk 2 FE 3 WLUE PR TR B R R
A R ETHERCR.

£1 631 ARTHB w Y 0 BHRELERE v=1)

h 1/8 1/16 1/32 1/64 1/128
DOFs 578 2178 8450 33282 132098
lu—unli 9.66e-04 242e-04 6.02e-05 1.51e-05 3.77¢-06

£ 2 Eik 21 KMRGI 31 B H' SERRERR (= HY)

H 1/4 1/8 1/16 1/32
v
Ju— wj [ | Time(s) | ju — wy s [ Time(s) | [1u — wj [ | Time(s) | — w s | Time(s)
1 2.34e-05 12.06 3.78e-06 11.97 | 3.77e-06 12.01 3.77e-06 12.06
1/10 8.13e-05 13.62 4.54e-06 14.10 3.77e-06 13.09 3.77e-06 13.14
1/100 8.27e-05 14.98 6.84e-06 14.63 3.78e-06 19.26 3.77e-06 22.71
1/1000 9.01e-05 15.89 7.71e-06 21.48 3.79e-06 21.97 3.77e-06 31.68
3 BumREgsE 1 R\ 31 0 H' EHREER (V= 1)
em n/2 €n/10 €n/100 €n/1000
€n
Jlu— wils [ Time(s) |[[u — w1 | Time(s) |t — ws | | Time(s) | [ — w3 [ | Time(s)
1/64 2.41e-04 25.48 4.95e-05 27.04 6.23e-06 28.13 3.80e-06 30.30
1/256 1.65e-05 27.15 4.97e-06 28.44 3.78e-06 28.67 3.78e-06 35.46
1/1024 3.90e-06 28.90 3.77e-06 29.16 3.77e-06 34.88 3.77e-06 36.73
2 % x #
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TWO-LEVEL PENALTY METHOD FOR THE STEADY
INCOMPRESSIBLE STOKES EQUATIONS

Li Shishun Qi FenFen
(School of Mathematics & Information Science, Henan Polytechnic University,
Jiaozuo 454008, China)

Shao Xinping
(School of Scienceé& Hangzhou Dianzi University, Hangzhou 310027, China)

Abstract
In this paper, we present a two-level penalty method for the steady incompressible
Stokes equations by employing two finite element spaces. This method involves solving one
small Stokes equation on the coarse space and two penalty equations on the fine space (the
linear systems with same symetric and positive coefficient matrices). The convergence shows
that the coarse space can be chosen very small. Moreover, the penalty parameter is only
dependent on the coarse mesh size and the regularity of the problem. Therefore, the resulting
solution still achieves asymptotically optimal accuracy when the penalty parameter is chosen
“not very small”. The numerical results confirm the convergence analysis, and the numerical
comparison also shows that this method is efficient for solving the steady incompressible
Stokes equations.
Keywords: two-level penalty method; steady incompressible Stokes equations; penalty
parameter; finite element method
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