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1. ����Db�s3t(M��?q Stokes \'AT�V~�\X. =\N
fdB.










−ν∆u+∇p = f , � Ω j,

divu = 0, � Ω j,

u = 0, � ∂Ω �,

(1.1)p9 Ω ⊂ R2 ��*v�, ν > 0 
�MgJ�, f 
�0�Q, u = (u1, u2) � p _�
�#O�qQ. B. (1.1) A�_e�>: t (u, p) ∈ (H1
0 (Ω))

2 × L2(Ω) �?
{

ν(∇u,∇v) − (divv, p) = 〈f ,v〉, ∀v ∈ (H1
0 (Ω))

2,

(divu, q) = 0, ∀q ∈ L2(Ω).
(1.2)t(B. (1.2) A>xDi��[�A�?q'1�, >W,ft(`℄, V~�\X�w[��t(B. (1.2) [3–5, 9, 13], �t uǫ,h ∈ Vh ⊂ (H1

0 (Ω))
2 �?

ν(∇uǫ,h,∇vh) +
1

ǫ
(divuǫ,h, divvh) = 〈f ,vh〉, ∀vh ∈ Vh, (1.3)
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260 � % � o 2019 mp9 ǫ > 0 
�{i^��. �#O uǫ,h }t*, #?~?=qQ pǫ,h ∈ Qh ⊂ L2(Ω).�{MA��1�NV\X (1.3) C��N

��S�\X: t (uǫ,h, pǫ,h) ∈ Vh × Qh ⊂

(H1
0 (Ω))

2 × L2(Ω) `G
{

ν(∇uǫ,h,∇vh)− (divvh, pǫ,h) = 〈f ,vh〉, ∀vh ∈ Vh,

ǫ(pǫ,h, qh) + (divuǫ,h, qh) = 0, ∀qh ∈ Qh.�� LBB 1� [2] %P, �4��� β0 `G
inf

06=qh∈Qh

sup
06=vh∈Vh

(qh, divvh)

‖vh‖1‖qh‖
≥ β0, ∀(vh, qh) ∈ Vh ×Qh,(L ‖ · ‖1 � ‖ · ‖ _�
� Sobolev B� H1(Ω) � L2(Ω) 9AZ�.3|℄,qQ[, V~�\Xkp/"`G�?q'��1�, �r..jxt(#O�~�. �., V~�\X�{:^��`A�4\X. {T, 
\X~{4�TiyR. �O
\X����t(E[#B.. p0, B. (1.3) G���{i^��)AUg\'H, p1��> O( 1

ǫh2 )
[12], (L h 
�G�A;g�!. �.; ǫ mw�^Æ, ����F�A��<8V~�\X�AM. ��Q [3, 9, 13] ?1, B. (1.3) AF�r�> O(ǫ + Rh), (L

Rh = infvh∈Vh
‖vh − u‖1 + infqh∈Qh

‖qh − p‖. �.x?=J	(, V�� ǫ 
lm!A)_^. >W,f�R0O, �Q [12] +?�N
:8\X,*W{:ieAV~�\X.

umn,h = uǫn,h − ǫn
uǫm,h − uǫn,h

ǫm − ǫn
,

pmn,h = pǫn,h − ǫn
pǫm,h − pǫn,h

ǫm − ǫn
,(L (uǫm,h, pǫm,h) � (uǫn,h, pǫn,h) _��B. (1.3) u� ǫ = ǫm � ǫ = ǫn A(. 
\X�

H1 Z�NAF�r�> O(ǫnǫm +Rh). �.V��Amw?~�
�)_^�, �rp0O�1JAV~�\Xmf. >WAa-7V~�\XyI, �Q [4, 5] 3|o V~�\XAL8g�,*W{FbA�4\X. :�
F\XjxS0t(Ug\'H, ;;g�! h�^Æ�$V��6.T�;g\X�t(^Q#9�n=_\'A{:^��`A\X [14],����t(�$[0B. [7, 8, 10, 11]. 
\XA>x!Y�+?�T*�S�;gB�, �L;g�Ab�B.B
>t({iL;g�A�9B.�{i2;g�AB.. ��2;gB�WQ�L;gB��^, (~�
W�$8�. �r~k?=�B.AJ	(. ���&�T�;g\X�V~�\XA!Y, ,*{:bAt(M��?q Stokes \'AT�V~�\X. ��2;gB��t( Stokes \', �L;gB��t(TiV��\', ��V��\'G��AUg\'H7�W5AQ#-MJ�4*, st(�$�9. �Rg_G
dV��?~mw> ǫ = O(Hσ), (L H 
�2;g�!, σ > 0 �6�\'A-#gWuA��, 3�w4> 1 Æ 2. �r;L;g�!mw> h = O(H3) Æ~k?=J	AF�&z. �.2;gB�WQ�L;gB�?~m!�^, 1TV���
m!�^, �rt(2;gB��A
Stokes \'xfz�^. �4�uzu/W��&^. �ieAV~�\XW�$A&z
d, ;?=J	(ÆT�V~�\X?~m!m6AV��r7�mfA`℄.
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2. oQXeu^[Usn~`{� VH × QH(⊂ Vh × Qh) �u�#O�qQA{i2;g�S�B�, p9;g�!>
H . N
�k*t(B. (1.2) AT�V~�\X.vY 2.1.O 1. t (uH , pH) ∈ VH ×QH `G

{

ν(∇uH ,∇vH)− (divvH , pH) = 〈f ,vH〉, ∀vH ∈ VH ,

(divuH , qH) = 0, ∀qH ∈ QH .
(2.1)O 2a. t (uh, ph) ∈ Vh ×Qh `G

{

ν(∇u
h,∇vh) +H−σ(divuh, divvh) = 〈f ,vh〉+ (divvh, pH), ∀vh ∈ Vh,

ph = −H−σdivuh + pH .
(2.2)O 2b. t (u∗

h, p
∗
h) ∈ Vh ×Qh `G

{

ν(∇u
∗
h,∇vh) +H−σ(divu∗

h, divvh) = ν(∇u
h,∇vh), ∀vh ∈ Vh,

p∗h = −H−σdivu∗
h + ph,

(2.3)(L σ > 0 
���.� 2.1. �N
A�Rg_G9, σ Amw?�
��S�AF�r�?=, �,

‖u− uH‖1 + ‖p− pH‖ ≤ CHσ, (2.4)(L C 
��;g�!EuA��. �� σ 6�B. (1.2) A-#g�u. �B. (1.2) �
H3 -#Ar� Q2 −Q1 �G�, #?1 σ = 2 [6].�k*�RgMI3q�O���N<x&^ [1, 6].�k 2.1. Z (u, p) � (uH , pH) _��B. (1.2) � (2.1) A(. �� LBB 1�`G, #4�� H EuA�� C1 `G

‖u− uH‖1 + ‖p− pH‖ ≤ C1

(

inf
vH∈VH

‖u− vH‖1 + inf
qH∈QH

‖p− qH‖

)

. (2.5)Vk 2.1. Z (u, p) � (u∗
h, p

∗
h) _�>B. (1.2) � (2.3) A(, �� LBB 1�%P, #4��;g�! H � h EuA�� C `G

‖u− u
∗
h‖1 + ‖p− p∗h‖ ≤ C

(

inf
vh∈Vh

‖u− vh‖1 + inf
qh∈Qh

‖p− qh‖+H2σ‖p− pH‖

)

. (2.6)�p. B. (2.2) � (2.3) ?~_�,I>
{

ν(∇u
h,∇vh)− (divvh, p

h) = 〈f ,vh〉, ∀vh ∈ Vh,

Hσ(ph, qh) + (divuh, qh) = Hσ(pH , qh), ∀qh ∈ Qh

(2.7)�
{

ν(∇u
∗
h,∇vh)− (divvh, p

∗
h) = 〈f ,vh〉, ∀vh ∈ Vh,

Hσ(p∗h, qh) + (divu∗
h, qh) = Hσ(ph, qh), ∀qh ∈ Qh.

(2.8)
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{

ν(∇(u∗
h − u),∇vh)− (divvh, p

∗
h − p) = 0, ∀vh ∈ Vh,

Hσ(p∗h − p, qh) + (div(u∗
h − u), qh) = Hσ(ph − p, qh), ∀qh ∈ Qh.

(2.9)Z (ωh, πh) ∈ Vh × Qh > (u, p) A}�{i�/(. �B. (2.9) 9AG{i\'9� vh =

u
∗
h − ωh, #

ν|u∗
h − ωh|

2
1 = ν(∇(u∗

h − ωh),∇(u∗
h − ωh))

= ν(∇(u− ωh),∇(u∗
h − ωh)) + ν(∇(u∗

h − u),∇(u∗
h − ωh))

≤ ν‖u− ωh‖1‖u
∗
h − ωh‖1 + ν(∇(u∗

h − u),∇(u∗
h − ωh))

= ν‖u− ωh‖1‖u
∗
h − ωh‖1 + (div(u∗

h − ωh), p
∗
h − p).

(2.10)F"F, �B. (2.9) 9AGUi\'9� qh = p∗h − πh, #
(div(u∗

h − ωh), p
∗
h − p) = (div(u∗

h − ωh), πh − p) + (div(u− ωh), p
∗
h − πh)

+(div(u∗
h − u), p∗h − πh)

≤ ‖u∗
h − ωh‖1‖πh − p‖+ ‖u− ωh‖1‖p

∗
h − πh‖

−Hσ(p∗h − p, p∗h − πh) +Hσ(ph − p, p∗h − πh).

(2.11)��9�$?1
Hσ(p∗h − p, p∗h − πh) = Hσ‖p∗h − πh‖

2 +Hσ(πh − p, p∗h − πh) ≥ Hσ(πh − p, p∗h − πh). (2.12)l6 (2.10)-(2.12) ??
ν|u∗

h − ωh|
2
1 ≤

(

ν‖u− ωh‖1 + ‖πh − p‖

)

‖u∗
h − ωh‖1

+

(

‖u− ωh‖1 +Hσ‖πh − p‖+Hσ‖p− ph‖

)

‖p∗h − πh‖.
(2.13)�� LBB 1��B. (2.9) AG{�?1

β0‖p
∗
h − πh‖ ≤ sup

06=vh∈Vh

∣

∣

(

p∗h − πh, divvh

)
∣

∣

‖vh‖1

= sup
06=vh∈Vh

∣

∣

(

(p− πh), divvh

)

+ ν
(

∇(u∗
h − u),∇vh

)
∣

∣

‖vh‖1

≤ ‖p− πh‖+ ν‖u∗
h − u‖1

≤ ‖p− πh‖+ ν‖u∗
h − ωh‖1 + ν‖u− ωh‖1.

(2.14)

(~� (2.13) � (2.14) ??
|u∗

h − ωh|
2
1 ≤

(

‖u− ωh‖1 +
1

ν
‖πh − p‖

)

‖u∗
h − ωh‖1 (2.15)

+
1

β0

(

‖u− ωh‖1 +Hσ‖πh − p‖+Hσ‖p− ph‖

)(

1

ν
‖πh − p‖+ ‖u∗

h − ωh‖1 + ‖u− ωh‖1

)

.
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0 (Ω) B�9 ‖ · ‖1 ��Z | · |1 C�, Q�C� (2.15) ÆP%;�Aai&�[��:4�C� xy ≤ cx2 + 1

4cy
2 (c > 0 �}���), N�

Hσ

β0
‖p− ph‖‖u∗

h − ωh‖1 ≤
4H2σ

β2
0

‖p− ph‖2 +
1

16
‖u∗

h − ωh‖
2
1,{��M��"�C� ‖u−u

∗
h‖1 ≤ ‖u−ωh‖1+‖u∗

h−ωh‖1 � ‖p−p∗h‖ ≤ ‖p−πh‖+‖p∗h−πh‖,� (2.14) � (2.15) ,I??
‖u− u

∗
h‖

2
1 + ‖p− p∗h‖

2 ≤ C

(

‖u− ωh‖
2
1 + ‖p− πh‖

2 +H2σ‖p− ph‖2
)

, (2.16)(L�� C > 06� β0, ν �u.�> (ωh, πh)�}�A,Z ‖u−ωh‖1+‖p−πh‖ = inf
vh∈Vh

‖u−

vh‖1 + inf
qh∈Qh

‖p− qh‖, #� (2.16) ??
‖u− u

∗
h‖1 + ‖p− p∗h‖ ≤ C

(

inf
vh∈Vh

‖u− vh‖1 + inf
qh∈Qh

‖p− qh‖+Hσ‖p− ph‖

)

. (2.17)���_GF", �B. (1.2) � (2.7) ?~/d
‖u− u

h‖1 + ‖p− ph‖ ≤ C

(

inf
vh∈Vh

‖u− vh‖1 + inf
qh∈Qh

‖p− qh‖+Hσ‖p− pH‖

)

, (2.18)J�� (2.17) � (2.18) ??
‖u− u

∗
h‖1 + ‖p− p∗h‖ ≤ C

(

inf
vh∈Vh

‖u− vh‖1 + inf
qh∈Qh

‖p− qh‖+H2σ‖p− pH‖

)

. (2.19)F�?1MI?/.��S�r� inf
vh∈Vh

‖u−vh‖1+ inf
qh∈Qh

‖p−qh‖ ≤ Chσ %P,#��I 2.1?? ‖p−pH‖ ≤

CHσ. �MI 2.1 ?1, �L;gB��5=J	(ÆL;g�!?w> h = O(H3). �.2;gB�WQ�L;gB�E �^, $X 2.1 9� 1 (t( Stokes \'�$��t(. .:, ��V��?mw> O(Hσ), r σ 6�B. (1.2) A-#g�u, �.V��?~�
m!�^.

3. u	r��%9�k*{i�4$Nu/T�V~�\XA�`g, ��ieAV~�\X [12]�$V��AmwQ�RgA�Z. 
�4�u�f�2> Intel CPU i5-5300 (j4 4.00 GB).l 3.1. =\v� Ω = (0, 1) × (0, 1) �AU?M��?q Stokes \' [4, 5]. ÆP[ f l6N
0z((zM,

u =

(

x2(1− x)2(2y − 6y2 + 4y3)

y2(1− y)2(−2x+ 6x2 − 4x3)

)

, p = x2 − y2.��u9�� Q2 −Q1 �G���B.. �
 1 9�Ok*WN 3.1 ; ν = 1 Æ#OA0z( u �G�( uh AF�&z, p9 “DOFs”
�D�Oi�. �4&z
d�S�(�



264 � % � o 2019 mJ	A, �`G ‖u−uh‖1 = O(h2). ��P$X 2.1 Æ, �OtML;g�! h = 1/128,{�w�5A2;g�! H = 1/4, 1/8, 1/16, 1/32. 1
 29A�4&z?~<*, ; ν = 1Æ, 2;g�! H = 1/8Æ��?~?=J	F�. 4?A�A�.ÆV�� ǫ = H2 = 1/64. 5w�
 39k*WieAV~�\Xt(N 3.1AF�&z,p
d; ǫn = 1/256, ǫm = ǫn/100Æ& ǫn = 1/1024, ǫm = ǫn/10 Æ�k?=J	F�&z. (
dT�V~�\X9AV��mwx6�S. Y:k*WMgJ� ν w�54Æ$X 2.1 AF�&z. �
 2 ?~<*;MgJ� ν �^Æ, xY?=J	F�2;g�! H jxW�A�^, 1TV��zxW�Am!m^, (
d2;g�!�V��Amw��MgJ� ν �WuA. J���$Æ���$WT�V~�\X�ieAV~�\X. 3|
 2 �
 3 ?~<*T�V~�\X7�mfA�$`℄. N 1 m 3.1 �}�h uh T H1 \tzRg
 (ν = 1)

h 1/8 1/16 1/32 1/64 1/128

DOFs 578 2178 8450 33282 132098

‖u− uh‖1 9.66e-04 2.42e-04 6.02e-05 1.51e-05 3.77e-06N 2 wZ 2.1 qhm 3.1 T H1 \tzRg
 (ǫ = H2)
H
H
H
H
HH

ν
H 1/4 1/8 1/16 1/32

‖u− u∗

h‖1 Time(s) ‖u− u∗

h‖1 Time(s) ‖u− u∗

h‖1 Time(s) ‖u− u∗

h‖1 Time(s)

1 2.34e-05 12.06 3.78e-06 11.97 3.77e-06 12.01 3.77e-06 12.06

1/10 8.13e-05 13.62 4.54e-06 14.10 3.77e-06 13.09 3.77e-06 13.14

1/100 8.27e-05 14.98 6.84e-06 14.63 3.78e-06 19.26 3.77e-06 22.71

1/1000 9.01e-05 15.89 7.71e-06 21.48 3.79e-06 21.97 3.77e-06 31.68N 3 �aTWdt℄Z [12] qhm 3.1 T H1 \tzRg
 (ν = 1)
H
H
H
H
HH

ǫn

ǫm
ǫn/2 ǫn/10 ǫn/100 ǫn/1000

‖u− u∗

h‖1 Time(s) ‖u− u∗

h‖1 Time(s) ‖u− u∗

h‖1 Time(s) ‖u− u∗

h‖1 Time(s)

1/64 2.41e-04 25.48 4.95e-05 27.04 6.23e-06 28.13 3.80e-06 30.30

1/256 1.65e-05 27.15 4.97e-06 28.44 3.78e-06 28.67 3.78e-06 35.46

1/1024 3.90e-06 28.90 3.77e-06 29.16 3.77e-06 34.88 3.77e-06 36.73P i y |
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TWO-LEVEL PENALTY METHOD FOR THE STEADY

INCOMPRESSIBLE STOKES EQUATIONS

Li Shishun Qi FenFen

(School of Mathematics & Information Science, Henan Polytechnic University,

Jiaozuo 454003, China)

Shao Xinping

(School of Science& Hangzhou Dianzi University, Hangzhou 310027, China)

Abstract

In this paper, we present a two-level penalty method for the steady incompressible

Stokes equations by employing two finite element spaces. This method involves solving one

small Stokes equation on the coarse space and two penalty equations on the fine space (the

linear systems with same symetric and positive coefficient matrices). The convergence shows

that the coarse space can be chosen very small. Moreover, the penalty parameter is only

dependent on the coarse mesh size and the regularity of the problem. Therefore, the resulting

solution still achieves asymptotically optimal accuracy when the penalty parameter is chosen

“not very small”. The numerical results confirm the convergence analysis, and the numerical

comparison also shows that this method is efficient for solving the steady incompressible

Stokes equations.

Keywords: two-level penalty method; steady incompressible Stokes equations; penalty

parameter; finite element method
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