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1. *��$��E�rn<,.y�wk1,�r�>oRim}�,P [1]=>I�.Q. �,��,.y�rn|xu,���r�vis�.y�^:R�E�rn [2–4];�r�vs�.y�^R)<	rn [5–10]. �)<	rn<,�b>	rnR,r�>oRrn,|x	B3$QNSfiOR)k8)�AI [11–13], �EOR�+3f� [14, 15] T. SPR(Superconvergent

Patch Recovery)rnv><r�A)Rrn. zrn� Zienkiewicz! Zhu
 19923�8 [9],Dw1,'g`q\Q, Z ANSYS�Abqus x= LS-DYNA <R�E�s. �&r=>oRrnv PPR rn, � Zhang ! Naga 
 2004 3�8 [7], pw��E�\Q COMDOL %�,.y��s. .3$T[$ PPR rn, u:!0Æ|�� Helmholtz r3R.y�^:.� Ω , R
2 aR�_g�ZI�. D Γ := ∂Ω. 3$y� Helmholtz r3

−∆u− k2u = f in Ω, (1.1)

∂u

∂n
+ iku = g on Γ. (1.2)'i i =

√
−1 �ta�I-, n �t Γ aRI-&nO. a�r3 (1.1)–(1.2) vj�_f1�

−∆u− k2u = f in R
2,

√
r

(

∂(u− uinc)

∂r
+ iku

)

→ 0 as r = |x| → ∞.Rf�. 'i uinc �t[f�, k �t��. 3$/P Robin �_�Q (1.2) v_f�_�QRrYf�. Helmholtz r3 (1.1)–(1.2) ��N���R9�<	r'�F�qR��.

* 2017 4 8 � 26 XzO.
1) 7bN,: �FKS{d7bD4{d7b (11601026).



150 B � � d 2018 43$/PG℄|9 (k ≫ 1)Helmholtz r3R�E�rnRy�8)��5T8)#u,?�E�rn L8)�A��)��Q? k(kh)2p ≤ C0
[16, 17], �

‖∇(u− uh)‖L2(Ω) ≤ C1(kh)
p + C2k(kh)

2p. (1.3)'i uh �t�E�℄, h �t)�5C, p v�E�RY�, Ci, i = 1, 2, v k ! h 6�R-,�. |xx8, 8)�A (1.3) R�dVrM H1 p�R'38)I�, �BL)� L k2h ≤ C m, 8)�A (1.3) �'rM�8; Kv�>�)��Q?, 8)�A (1.3) v�>�dVjM�8R, �ZL kh �[h k L�Fm. 'i (1.3) RVjM C2k(kh)
2p �0,5T8).�
|�� Helmholtz 1�R8)u:!�nhAw�F�1�. `&|x�� [18–20]�℄�E�rnRSf8)�ARI�1�. �
�Sf8)�A,`&|x&y [21, 22]T.},5T8)RB�,I�R�nhA�m>o,�ZÆb.m�E�rn [16, 23], <rn [24],Ke�E�rn [25–28] x=��DvI�u℄�n [29].�.<, f
 Helmholtz 1�, 3$im��Z)�a6
 PPR(Polynomial Preserv-

ing Recovery) )<	rnR�E�rnR.y�^:. PPR rnRr�>o�Xv: k�
PPR rn>	)QNR�_�bs�.y�^:. }>f
�E�℄s�5T8)R|��
Helmholtz 1���, im>.y�^: s�	�J3, /�>oR5M{|.Nf, 3$u:�℄UZ)�aR6
 PPR rnR�3℄R.y�^:, �B6
.y�u:QNSfiOR)k8)�AI [30]. � Lr[�QR)�a, 3${A�8�G^�℄! Lagrange '30KR.�f�A, ��>6;a�8�.y�[�

‖∇u−Ghuh‖L2(Ω) = O
(

kh1+α + (kh)2 |log h|1/2 + k(kh)2
)

,>< Gh v℄UZ)�aR PPR �I. �Z 6 3$Mo0Æ�I�[�..�o%�'3)<	rn�3Q��Z)�aR,�R.y�^:. {A,3$u:�E�℄ uh !�E�'3 uI 0KR.�f^:, pnvf8) ‖∇uh −∇uI‖L2(Ω) R�A.L��Z;u)���", 'r�ARy�Y�|. R)3$3Qk� PPR �I Gh· >	QNR�E��bR.y�[�, pnvf8) ‖∇u−Ghuh‖L2(Ω) R�A. 'r�ARy�
bo�
�E�℄RrYy�
b. �B)���", y�
b��.Kv3$lD PPR rn�|� (1.3) �dVrMRy�Y, �3℄R5T8)
((1.3)�dVjM) �"�N. Æ)3$u:� PPRrnf
5T8)R�L, .(� PPRrn6nN5T8)RY. Kv'�℄3$|xq� Richardson&#rndr!N PPRrnR8). ���3ok3$lD[$ PPR rn! Richardson &#|xt,�RUN,�Ry�8). :>0&, 3$|x[$ PPR rn! Richardson &#rn[|SfiOR)k8)�AI..u, 7Z: VjZae��E�rn, �oRD�!~	; �V℄Z3$ae� PPR)<	rn=>^:; V�Zu:�pZ)�aR.y�^:! PPR rnf5T8)R�L; �V7Z, 3$�8r���Z)�aR.y�u:; �V�Z3$MI0Æ�℄UZaR�E�℄R.y�[�; N)3$�8�3xk, {Ak.�3$R[�, >?[$ PPRrn! Richardson &#dr!{d��3℄..<, C �t k, h, f ! g 6�R-,�. 3$q�x� A . B ! A & B u��t
A ≤ CB ! A ≥ CB. A h B �t A ! B TJ, ? A . B B A & B. },3$y�|91



2 = a�: }��2�S/z�_ 151�, �xIh k ≫ 1. >&,MI?P, 3$Ih k v-,�. Ih Ω vg�XYI�, ?B�X xΩ ∈ Ω !t�
 Ω R-,� cΩ qQ
(x− xΩ) · n ≥ cΩ ∀x ∈ Γ.

2. .�1lj.T%� Sobolev ~K<,�RD� [31, 32]. f�_ Lipschitz ÆbRV{wI� D ⊂
R

2 x=V{ s ≥ 0, u�D Sobolev ~K<Rp�!�p, ‖·‖s,D ! |·|s,D, D~K L2(D)R.9, (·, ·)D. f D R�_ ∂D, D 〈·, ·〉D , L2(∂D) aR.9. ,MI?P, 3$D
(·, ·) := (·, ·)Ω, 〈·, ·〉 := 〈·, ·〉Ω.� Th ,I� Ω aR�"g�Z)�;u, �Z℄U)�!��Z)�. Eh �t Th R���R<$, Nh �t Th R��ZXR<$. fV{ K ∈ Th, � hK �t>&X�2l, |K|�t>'9. ��U, f e ∈ Eh, [| he := diam(e). 3$Ih he h hK h h. 3$[|�_�!.#�u�, EB

h := {e ∈ Eh : e ⊂ Γ} ! EI
h := Eh \ EB

h .� Vh �tu7gMs�E�f�~K, �Z℄UZ)�aRÆbu7gMs~K!pZ)�aR� p gMs~K.D a(u, v) = (∇u,∇v) ∀u, v ∈ H1(Ω). "1� (1.1)–(1.2) R�uZs,: G u ∈ H1(Ω) qQ
a(u, v)− k2(u, v) + ik 〈u, v〉 = (f, g) + 〈g, v〉 ∀v ∈ H1(Ω). (2.1)"�E�℄ L uh ∈ Vh  L

a(uh, vh)− k2(uh, vh) + ik 〈uh, vh〉 = (f, g) + 〈g, vh〉 ∀vh ∈ Vh. (2.2)3$Ih f ! g L��,, qQr3 (1.1)–(1.2) R℄ u s� Hp+2- -"^. D
Cp,u,g =

p+2
∑

j=1

k−(j−1) ‖u‖j +
p+1
∑

j=1

k−j |g|Hj(Γ) .8 1. }, ‖u‖j 0�� max(k0, kj−1) �8, �x'�R Cu,g |xxQ k 6�R,�.`&|x&y [21, 22, 33] �℄ u  k Rt��<RK>u:.)� 1. h u! uh u�v1� (1.1)–(1.2)!r3 (2.2)R℄. Z�)� L k(kh)2p ≤ C0,

C0 v k ! h 6�R,�, "�
‖u− uh‖1 .

(

(kh)p + k(kh)2p
) |u|p+1

kp
,

k ‖u− uh‖0 .
(

(kh)p+1 + k(kh)2p
) |u|p+1

kp
.C{N |u|

p+1

kp ≤ Cu,g. ~	 1 F`&&y [17].[| “0�” p�
‖|v|‖ = (|∇v|20 + k2 ‖v‖20)1/2.
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3. PPR ljZ3ae PPR(Polynomial Preserving Recovery) rn. [|�E�~KaR�b>	�I Gh : C(Ω) → Vh × Vh: �[r�Æb�� v, {AQN Ghv ���ZX<R3, R)[$ Vh RZX6��Q'3, N)QN Ghv �,�I�aR3.h zi ∈ Nh v)�aR*r�ZX! v ∈ C(Ω). ?'ae#mG℄ Ghv(zi).{A, Z� zi v*� K ∈ Th RZX, D hi , zi ��RN-R�R-b. x zi ,�W,x hi ,�lRR�, 3$L'��.R��ZX, ?

Bhi
(zi) = {z ∈ Nh : |z − zi| ≤ hi} .Z� Bhi

(zi) .#RXR��P
 m = (p + 2)(p+ 3)/2, "dr!�l, 2hi R�R.#R��X, ? B2hi
(zi). x>�#, 2NQN*� Bjhi

(zi), >.#XR�� n F
T
 m. >m,x v � Bjhi
(zi) aRX31$8 p+ 1 ?gMs. Dx zi ,�W, x jhi ,�lR�, wzi .hx zi ,�XRo#S� (x, y), "1$8R p+ 1 ?gMs,

lp+1(x, y; zi) = P
T
a = P̂

T
â,><

P = (1, x, y, · · · , xp+1, xpy, · · · , yp+1), P̂T = (1, ξ, η, · · · , ξp+1, ξpη, · · · , ηp+1);

a
T = (a1, a2, · · · , am), âT = (a1, hia2, · · · , hp+1

i am).�NPj2n, <�O� â |�?'RG^r3MG8
QTQâ = QT

bh, (3.1)>< bh =
(

v(zz1), v(zi2), · · · , v(zin)
)

,

Q =













1 ξ1 η1 · · · ηp+1
1

1 ξ2 η2 · · · ηp+1
2

...
...

...
...

...

1 ξn ηn · · · ηp+1
n













.LBL QTQ R9, m m, G^r3MB�+r℄. oE��<, LLR1$XR�� nF
 m m, '��Q�,^JR L [34]. }>3$)'^Ih Q v 9R. >m, 3$�
Ghv(zi) = ∇lp+1(0, 0; zi).>?, Z� zi v*��aRX, ? ∃e ∈ Eh, s.t., zi ∈ e. h ze1 ! ze2 v e R��dX,

(xj , yj), j = 1, 2 v zi �x zej ,�XRo#S�<<I�Ro#S�. "[|
Ghv(zi) = α∇lp+1(x1, y1; ze1) + (1− α)∇lp+1(x2, y2; ze2), 0 < α < 1.M α T
 zi N ze1 Rt�N ze2 Rt�0�.



2 = a�: }��2�S/z�_ 153N), Z� zi v�I� K ∈ Th .#, "�
Ghv(zi) =

nK
∑

j=1

αj∇lp+1(xij , yij ; zKj),

nK
∑

j=1

αj = 1, αj > 0,><, nK v K RZXR��, zKj v K RZX, (xij , yij ) vZX zi �x zKj ,�XRo#S�<<RS�. M αj v zi R>WS�.?'aerT PPR �I Gh RrT,�^: [5–7, 35].

(1) Z� vh v p+ 1 ?gMs, " Ghvh = vh.

(2) ‖Ghv‖0,K . |v|1,wK
, ∀K ∈ Th, >< wK := {wzi : zi is a vertix of K}.

(3) ‖∇v −Ghv‖0,∞,wK
. hp+1 |v|p+2,∞,wK

.)� 2. h Ih vA C(Ω) N Vh R �,  L Ihv(z) = v(z), ∀v ∈ C(Ω), z ∈ Nh. fV{
v ∈ Hp+2(Ω) ! K ∈ Th, �

‖GhIhv −∇v‖0,K . hp+1 ‖v‖p+2,wK
.)� 3. h Ih vA C(Ω) N Vh R �,  L Ihv(z) = v(z), ∀v ∈ C(Ω), z ∈ Nh, �

‖GhIhv −∇v‖0 . hp+1 ‖v‖p+2 .

4. ~ �o�e^��#6Z3$y�r=�}EZ, pZ)�aR.y�^:. },)�R�}^, 3$|xQNV{YR.y��A.h Ω vpZI�, Th v ΩRr�pZ)�;u. fV{ Th <RpZ
K, D hK , K R&X�2l. 3$Ih Th v1r7R-�)�, �D h = maxK∈Th

hK . [|pZ)�aR�E�~K,
Vh :=

{

vh ∈ H1(Ω) : vh|K ∈ Qp(K), ∀K ∈ Th
}

,>< Qp(K) �t K aR� p ?�E�~K, ? Qp(K) = span
{

xi1x
j
2, 0 ≤ i, j ≤ p

}

.3$[|6
 Lobatto XR Lagrange '3�I Ih : Hp+2(Ω) → Vh. fV{pZ K =

[x1, x2] × [y1, y2] ∈ Th, h x1 = ξ0 < ξ1 < · · · < ξp = x2 vIK [x1, x2] R p + 1 � LobattoX, y1 = η0 < η1 < · · · < ηp = y2 vIK [y1, y2] R p + 1 � Lobatto X, '3�I Ih  L
Ihu(ξi, ηj) = u(ξi, ηj), 0 ≤ i, j ≤ p.f'3�I, �?'r�~	 [36].)� 4. fV{ u ∈ Hp+2(K), ��A

(∇(u − Ihu),∇vh)K . hp+1
K |u|p+2,K |v|1,K .�~	 4, f
 Helmholtz r3 (1.1)–(1.2) R℄, 3$|xQN u R'3!�E�℄0KR.�f^:.



154 B � � d 2018 4f� 1. h u v Helmholtz r3 (1.1)–(1.2) R℄, uh vpZ)� Th aR�E�℄. "B� C0 qQL k(kh)2p ≤ C0 m, �
‖|Ihu− uh|‖ .

(

(kh)p+1 + k(kh)2p
)

Cp,u,g.4�. ,M(?P, D vh = Ihu− uh, �
‖|Ihu− uh|‖2 =

(

‖∇(Ihu− uh)‖20 + k2 ‖Ihu− uh‖20
)1/2

= ℜ
(

(∇(Ihu− uh),∇vh)−k2(Ihu−uh, vh)+ik 〈Ihu−uh, vh〉
)

+2k2(Ihu−uh, vh)

= ℜ
(

(∇(Ihu− u),∇vh)− k2(Ihu− u, vh) + ik 〈Ihu− u, vh〉
)

+2k2(Ihu−uh, vh)

. |(∇(Ihu− u),∇vh)|+ k2 ‖Ihu− u‖0 ‖vh‖0 + k ‖Ihu− u‖L2(Γ) ‖vh‖L2(Γ)

+ 2k2 ‖Ihu− uh‖0 ‖vh‖0
. hp+1 |u|p+2,K |v|1,K + khp+1 |u|p+1 · k ‖vh‖0 + k ‖Ihu− u‖L2(Γ) ‖vh‖L2(Γ)

+ 2k ‖u− uh‖0 · k ‖vh‖0
. (kh)p+1 ‖|vh|‖Cp,u,g + k ‖Ihu− u‖L2(Γ) ‖vh‖L2(Γ) + 2k ‖u− uh‖0 · k ‖vh‖0 .

(4.1)}, Ihu |xxQ u ��_ Γ aR'3, 3$�
k ‖Ihu− u‖L2(Γ) ‖vh‖L2(Γ) . k1/2hp+1 |u|Hp+1(Γ) · k1/2 ‖vh‖L2(Γ) . (kh)p+1 ‖|vh|‖Cp,u,g. (4.2)�~	 1, B� C0 qQL k(kh)2p ≤ C0, �

2k ‖u− uh‖0 · k ‖vh‖0 .
(

(kh)p+1 + k(kh)2p
)

‖|vh|‖Cp,u,g. (4.3)[$ Ts (4.1)–(4.3), ~	Q..[$ PPR R^: (2), ~	 3 ! Ts
‖∇u−Ghuh‖0 ≤ ‖∇u−GhIhu‖0 + ‖GhIhu−Ghuh‖0 ,3$�?'R.y��A.f� 2. h u v Helmholtz r3 (1.1)–(1.2) R℄, uh vpZ)� Th aR�E�℄. "B� C0 qQL k(kh)2p ≤ C0 m, �

‖∇u−Ghuh‖0 .
(

(kh)p+1 + k(kh)2p
)

Cp,u,g. (4.4)8 2. �~	 1, 3$/P
‖∇u−∇uh‖0 .

(

(kh)p + k(kh)2p
)

Cp,u,g. (4.5)� Ts (4.4), >	R�E�℄R5T8), C1k(kh)
2p; � Ts (2.2), �E�℄R5T8)v Chk(kh)

2p, C1 ! C2 v k ! h 6�R,�. A3$Ru:[��x, 5T8)< k !
h RY^vrm. uoa, 3$2�)'R�3okk. PPR rnf5T8)"�V#�L.h�Z>, f Helmholtz 1�R.y�u: �	�aR{|, /�oER5M{|, 'rX3$2�)'�
 Richardson &#rnR�3ok#u�8.



2 = a�: }��2�S/z�_ 155?'3$�8 PPR rnf5T8)�LRs�u:. 3${A[|r�%� � Ph :

H1(Ω) → Vh: G Phu ∈ Vh  L
a(Phu, vh) + ik 〈Phu, vh〉 = a(u, vh) + ik 〈u, vh〉 ∀vh ∈ Vh. (4.6)

u R%� � Phu |xxQ�	1�
−∆u = F in Ω,

∂u

∂n
+ iku = g on Γ,R℄R�E�f�. F ! g v� u v[R��. '�%� �,��
im Helmholtz 1�R0[^T^: [16, 17, 27, 28].)� 5. fV{ u ∈ H2, � Phu v>%� �. 3$�

‖|u− Phu|‖ . inf
vh∈Vh

‖|u− vh|‖ , (4.7)

‖u− Phu‖0 . h inf
vh∈Vh

‖|u− vh|‖ . (4.8)4�. 'vr��ER%�1�, 'YzQN
‖u− Phu‖1 . inf

vh∈Vh

(

‖u− vh‖21 + k ‖u− vh‖2L2(Γ)

)1/2

,

‖u− Phu‖0 . h inf
vh∈Vh

(

‖u− vh‖21 + k ‖u− vh‖2L2(Γ)

)1/2

.[$
k ‖u− vh‖2L2(Γ) . k ‖u− v − h‖0 ‖u− vh‖1

. k2 ‖u− vh‖20 + ‖u− vh‖21 . ‖|u− vh|‖ ,?|.Q (4.7)–(4.8).)� 6. Ih uv Helmholtzr3 (1.1)–(1.2)R℄, Phuv>%� �, Ihuv> Lagrange'3. "3$�
‖∇Phu−∇Ihu‖0 . (kh)p+1Cp,u,g. (4.9)4�. � vh = Phu− Ihu, �

‖|Phu− Ihu|‖ = ℜ
(

a(Phu− Ihu, vh) + ik 〈Phu− Ihu, vh〉
)

+ k2(Phu− Ihu, vh)

= ℜ
(

a(u − Ihu, vh) + ik 〈u− Ihu, vh〉
)

+ k2(Phu− Ihu, vh)

≤ |a(u− Ihu, vh)|+ k ‖u− Ihu‖L2(Γ) ‖vh‖L2(Γ) + k2 ‖Phu− Ihu‖0 ‖vh‖0 .[$~	 4,  Ts 4.2 x=
k ‖Phu− Ihu‖0 · k ‖vh‖0 ≤

(

k ‖Phu− u‖0 + k ‖u− Ihu‖0
)

‖|vh|‖

. (kh)p+1 ‖|vh|‖Cp,u,g,
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[	 2 R.(, 3$|xQN%��I Ph· R.y�.f� 3. Ih u ! Phu u�vr3 (1.1)–(1.2) R℄!%� �, 3$�
‖GhPhu−∇u‖0 . (kh)p+1Cp,u,g.CR, %� �v"�5T8)R, B"�y��Q k(kh)2p ≤ C0.f� 4. Ih uh v Hemlholtz r3 (1.1)–(1.2) �pZ)� Th aR�E�℄, "3$�

‖Ghuh −∇uh‖0 .
(

(kh)p + k(kh)2p+1
)

Cp,u,g. (4.10)4�. uh |xVR Phu+ (uh − Phu) := Phu+ θh. �℄U Ts,

‖Ghuh −∇uh‖0 = ‖Gh(Phu+ θh)−∇(Phu+ θh)‖0
. ‖GhPhu−∇Phu‖0 + ‖Ghθh −∇θh‖0 .�~	 5,

‖∇u−∇Phuh‖20 . inf
vh∈Vh

‖|u− uh|‖2 . |u− Ihu|21 + k2 ‖u− Ihu‖20

. h2p(1 + k2h2) ‖u‖2p . (kh)2p(1 + k2h2)C2
p,u,g.}>, �[	 3,

‖GhPhu−∇Phu‖0 ≤ ‖GhPhu−∇u‖0 + ‖∇u−∇Phu‖0
. (kh)p+1Cp,u,g + (kh)p(1 + kh)Cp,u,g

. (kh)pCp,u,g.?'3$�A ‖Ghθh −∇θh‖0. � (2.2) ! (4.6) |xx8 θh  L
a(θh, vh) + ik 〈θh, vh〉 = −k2(u− uh, vh).CR, θh |xxR�	1�

−∆θ = −k2(u − uh) in Ω,

∂θ

∂n
+ ikθ = 0 on Γ,R℄R�E�f�. }>,

‖Ghθh −∇θh‖0 ≤ ‖Ghθh −∇θ‖0 + ‖∇θ −∇θh‖0
. h ‖θ‖2 . k2h ‖u− uh‖0
. kh

(

(kh)p+1 + k(kh)2p
)

Cp,u,g

.
(

(kh)p+2 + k(kh)2p+1
)

Cp,u,g.8 3. h� (4.10) <R8)M k(kh)2p+1 P
�I Gh· R5T8)M k(kh)2p, Kv�
8) ‖Ghuh −∇uh‖0 R�A|0�tvN�R. A)'R�3xk�x, |0RN��Av
‖Ghuh −∇uh‖ . (kh)pCp,u,g.



2 = a�: }��2�S/z�_ 157Z<, 3$u:�pZ)�?R.y�[�. h�3$|xQNV{?�E�R.�f^:!.y��A, KvLA�I� v�pZI�8Xh1Rm(, pZ)�"-xk1. ?'3$u:r���ZI�aR.y�[�.

5. �V �o�e^��qwZ3$y�r���Z)�aRGZ�E�rnR.y�^[�.Ih Ωvr�g�ZI�,�B|x;u11r7��Z)� Th . � K̂ = [−1, 1]×[−1, 1]�t&yI�, Ẑi(i = 1, 2, 3, 4)�t>��ZX�B�2m)6�. êi(i = 1, 2, 3, 4)�tx Ẑi,?XR�. fV{��Z K ∈ Th, ZK
i �t�R��ZX. "B��G^ � FK : K̂ → K L FK(K̂) = K ! FK(Ẑi) = ZK

i (i = 1, 2, 3, 4). "�E�~K,
Vh =

{

vh ∈ H1(Ω) : vh ◦ FK ∈ Q1(K̂), ∀K ∈ Th
}

. (5.1)3$Ih)� Th  L RDN(N,Ψ) �Q [37]: Th aRV{I� K �fUG d1 u~1��℄UZ, D�r�fUG, d2, "��℄UZ^ LNFU�Q (?NFR.U^P
*�,� Ψ < π), BfUGR-b�P
*�,� (? L |d1| / |d2| < N). �'=)�?�'3RN��A
‖u− Ihu‖0,K + h |u− Ihu|1,K . h2K |u|2,K ,>< Ih· v'3�I, qQ Ihu ∈ Vh B (Ihu ◦ FK)(Ẑi) = (u ◦ FK)(Ẑj).h ZK

i RS�, (xKi , y
K
i ), " ��I FK R�Es,

x = aK0 + aK1 ξ + aK2 η + aK3 ξη, y = bK0 + bK1 ξ + bK2 η + bK3 ξη,>< (ξ, η) �t&yI�RS�<, <� aKj ! bKj v
aK0 =

1

4
(xK1 + xK2 + xK3 + xK4 ), bK0 =

1

4
(yK1 + yK2 + yK3 + yK4 ),

aK1 =
1

4
(−xK1 + xK2 + xK3 − xK4 ), bK1 =

1

4
(−yK1 + yK2 + yK3 − yK4 ),

aK2 =
1

4
(−xK1 − xK2 + xK3 + xK4 ), bK2 =

1

4
(−yK1 − yK2 + yK3 + yK4 ),

aK3 =
1

4
(xK1 − xK2 + xK3 − xK4 ), bK3 =

1

4
(yK1 − yK2 + yK3 − yK4 .)3$/Ih Th  L Condition (α) [38].f( 1. Z�B�,� α > 0, qQ��Z)�;u Th  L?��Q

• V{I� K  LfU�Q, ?��fUG dj(j = 1, 2) aRf�<X Oj(j = 1, 2)  L
dK = |O1O2| = O(h1+α

K ).

• V{��I�I� Kj(j = 1, 2)  L�Q
aK1

j = aK2

j (1 +O(hαK1
+ hαK2

)), bK1

j = bK2

j (1 +O(hαK1
+ hαK2

)).



158 B � � d 2018 4"0 Th  L Condition(α).A�QN FK Rf|�p*
(DFK)(ξ, η) =

(

aK1 + aK3 η bK1 + bK3 η

aK2 + aK3 ξ bK2 + bK3 ξ

)

,!f|�p*R\�s JK = JK(ξ, η) = JK
0 + JK

1 ξ + JK
2 η,

JK
0 = aK1 b

K
2 − aK2 b

K
2 , JK

1 = aK1 b
K
3 − aK3 b

K
1 , JK

2 = bK2 a
K
3 − aK2 b

K
3 .�f|�p*R2p*u℄, (DFK)−1 = X0 +X1, ><

X0 =

(

bK2 −bK1
−aK2 aK1

)

, X1 =

(

bK3

−aK3

)

(ξ,−η).|xx8 X0 �t �<RG^#u, X1 �t �<RtG^#u. fV{[|� K aR�� φ, � φ̂(ξ, η) = φ ◦ FK . � ∇̂· �t&yI�aR�b�I. "�
(∇φ,∇ψ)K =

∫

K

(∇φ)T∇ψdxdy =

∫

K̂

1

JK

(

∇̂φ̂
)T
XTX(∇̂ψ̂)dξdη.[|

(∇φ,∇ψ)0K =

∫

K̂

1

JK
0

(

∇̂φ̂
)T
XT

0 X0(∇̂ψ̂)dξdη =

∫

K̂

(∇̂ψ̂)TBK∇̂ψ̂dξdη.�ZRl�#u, ,�tRMI?P, 3$� w = u− Ihu.)� 7. IhI� K  L Condition (α). "fV{ vh ∈ Vh, �
∣

∣(∇w,∇vh)K − (∇w,∇vh)0K
∣

∣ ≤ Chα |w|1,K |vh|1,K ..(P [38, Lemma 3.1].)� 8. ?� Ts1
∣

∣

∣

∣

∫

K̂

∂ξŵ∂ξv̂h

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

K̂

∂ηŵ∂η v̂h

∣

∣

∣

∣

≤ Ch2 |φ|H3(K) ‖∇vh‖L2(K) , (5.2)x=
∫

K̂

∂ξŵ∂η v̂h =O(h2) |φ|H3(K) ‖∇vh‖L2(K) −
(

∫

ê1

+

∫

ê3

)ξ2 − 1

2
∂2ξ û · ∂ξ v̂hdξ,

∫

K̂

∂ηŵ∂ξv̂h =O(h2) |φ|H3(K) ‖∇vh‖L2(K) −
(

∫

ê2

+

∫

ê4

)η2 − 1

2
∂2η û · ∂ηv̂hdη..(P [39].)� 9. Ih EB

h aRV{I��� e1 ! e2 R-b L�<s |he1 − he2 | . h1+α. fV{ u ∈ H3(Ω), ��A
(∇w,∇vh) .

(

kh1+α + (kh)2 + (kh)2 |log h|
)

‖|vh|‖C2,u,g ∀vh ∈ Vh.



2 = a�: }��2�S/z�_ 1594�. �~	 7, 3$`o�A (A∇w,∇vh)0K , ?
bK11

∫

K̂

∂ξŵ∂ξv̂h, bK12

∫

K̂

∂ξŵ∂η v̂h, bK21

∫

K̂

∂ηŵ∂ξv̂h, bK22

∫

K̂

∂ηŵ∂η v̂h. (5.3)�~	 8,

∣

∣

∣

∣

bK11

∫

K̂

∂ξŵ∂ξ v̂h + bK22

∫

K̂

∂ηŵ∂ηv̂h

∣

∣

∣

∣

. (kh)2 |vh|1 C1,u,g.3$`�A (5.3) <RVjM!V℄M. � K RV j �� ej a, � s = 1
2hejξ !

ũ(s) = û(ξ). CR>m� ∂sũ = ∂u
∂tej

, tej �t� ej RI-AO�. ,MI?P, WD ∂sũ ,
∂su. 	� bK12 = bK21 Q

bK12

∫

K̂

∂ξŵ∂ηv̂h + bK21

∫

K̂

∂ηŵ∂ξv̂h = O(h2) |u|H3(K) ‖∇vh‖L2(K) (5.4)

− 1

2

4
∑

j=1

bK12(
hej
2

)2
∫ 1

2
hej

− 1
2
hej

(

( 2s

hej

)2 − 1
)

∂2su · ∂svhds.}>
∑

K∈Th

bK12

∫

K̂

∂ξŵ∂ηv̂h + bK21

∫

K̂

∂ηŵ∂ξv̂h = O(hk+1) |u|Hk+2(Ω) ‖∇vh‖L2(Ω)

− 1

2

∑

e∈EI
h

(
he
2
)2
∫ 1

2
he

− 1
2
he

(

(2s

he

)2 − 1
)

∂2su · ∂s [b12vh] ds

− 1

2

∑

e∈EB
h

bKe

12 (
he
2
)2
∫ 1

2
he

− 1
2
he

(

(2s

he

)2 − 1
)

∂2su · ∂svhds.'� [b12vh] |e = bK1

12 vh|K1
− bK2

12 vh|K2
, ev K1 ! K2 R���. �)� Th  L Condition (α)Qp* BK  L ∥

∥BK1 −BK2

∥

∥ = O(hα). fV{� e ∈ Eh, � Ke �t
� e RI�. �:[	!2 Ts,

∣

∣

∣

∣

∣

∣

1

2

∑

e∈EI
h

(
he
2
)2
∫ 1

2
he

− 1
2
he

(

(2s

he

)2 − 1
)

∂2su · ∂s [b12vh] ds

∣

∣

∣

∣

∣

∣

.
∑

e∈EI
h

h2+α
e |u|H2(e) |vh|H1(e) .

∑

e∈Th

h
3
2
+α

e ‖u‖1/23,Ke
‖u‖1/22,Ke

|vh|1,Ke

. k3/2h3/2+α |vh|1 C1,u,g.� E(s) =
(

2s
he

)2 − 1, "� E =
h2
e

48∂
2
sE

2 − 2
3 . D Ω R��ZX, N v

h . fV{ Z ∈ EB
h \

N v
h , e1, e2 ∈ EB

h �t
� Z R���. D [

bKZ

12 h
2
Z

]

Z
= b

Ke2

12 h2Ke2
− b

Ke1

12 h2Ke1
. |xx8
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[

bKZ

12 h
2
Z

]

Z
. h2+α. �u#9u�sQ

1

2

∑

e∈EB
h

bKe

12 (
he
2
)2
∫ 1

2
he

− 1
2
he

(

(2s

he

)2 − 1
)

∂2su · ∂svhds

=
1

2

∑

e∈EB
h

bKe

12 (
he
2
)2
∫ 1

2
he

− 1
2
he

(h2e
48
∂2sE

2 − 2

3

)

∂2su · ∂svhds

= −1

2

∑

e∈EB
h

bKe

12

h4e
192

∫ 1
2
he

− 1
2
he

∂sE
2∂3su · ∂svhds+

1

2

∑

e∈EB
h

bKe

12

h2e
6

∫

e

∂3u

∂t3e
vhdt

− 1

12

∑

Z∈Γ∩Nh\Nv
h

[

bKZ

12 h
2
Z

]

Z

∂2u

∂t2e
(Z)vh(Z)−

1

12

∑

Z∈Nv
h

bKZ

12 h
2
KZ

∂2u

∂t2e
(Z)vh(Z)

=
∑

e∈EB
h

O(h3e) |u|H3(e) |vh|H1(e) +
∑

e∈EB
h

O(h2e) |u|H3(e) ‖vh‖L2(e)

+
∑

e∈EB
h

O(h2+α
e )

( 1

he

∫

e

∂2u

∂t2e
vh +

∫

e

∂

∂te

(∂2u

∂t2e
vh
)

)

+O(h2) |u|W 2,∞(Ω) ‖vh‖L∞(Ω)

= O(h3) |u|H3(Γ) |vh|H1(Γ) +O(h2) |u|H3(Γ) ‖vh‖L2(Γ) +O(h1+α) |u|H2(Γ) ‖vh‖L2(Γ)

+O(h2+α)
(

|u|H3(Γ) ‖vh‖L2(Γ) + |u|H2(Γ) |vh|H1(Γ)

)

+O(h2 |log h|) ‖u‖3 ‖vh‖1
. (kh)5/2 ‖vh‖1 C2,u,g + (kh)2 ‖|vh|‖C2,u,g + kh1+α ‖|vh|‖C1,u,g + k2h2+α ‖|vh|‖C2,u,g

+ k3/2h3/2+α ‖vh‖1 C1,u,g + k2h2 |log h| ‖vh‖1 C1,u,g

. (kh)2
(

1 +
√
kh
)

‖|vh|‖C2,u,g + kh1+α
(

1 +
√
kh
)

‖|vh|‖C1,u,g + k2h2 |log h| ‖vh‖1 C1,u,g.�.��
[	 1 .(, 3$|xQNr���Z)�aR.�f�A.f� 5. h u v Helmholtz r3 (1.1)–(1.2) R℄, uh v��Z)� Th aRG^�E�℄. ~	 9 RIh L, "B� C0 qQL k(kh)2 ≤ C0 m, �
‖|Ihu− uh|‖ .

(

kh1+α + (kh)2 + (kh)2 |log h|+ k(kh)2
)

C2,u,g.8 4. 1. ZR)'.Y<, 3$^Ih)� Th  L~	 9 R�Q.

2. |xx8, r�R��Z)�aR.�f�A�2U)�g8�M kh1+α ! (kh)2 |log h|.w�R℄UZ)�RI�[�!.N)R�3ok.('�M^vB�R.��
arZ<R.(�3, 3$|xQNr���Z)�aR, 6
 PPR rnR.y�[�! PPR rnf5T8)R�L. ?'3$�8'T[�, `&|xJ�(1�$R.(.f� 6. h u v Helmholtz r3 (1.1)–(1.2) R℄, uh v��Z)� Th aRG^�E�℄. "B� C0 qQL k(kh)2p ≤ C0 m, �
‖∇u −Ghuh‖0 .

(

kh1+α + (kh)2 + (kh)2 |log h|+ k(kh)2
)

C2,u,g. (5.5)



2 = a�: }��2�S/z�_ 161f� 7. Ih uh v Helmholtz r3 (1.1)–(1.2) ���Z)� Th aRG^�E�℄, "3$�
‖Ghuh −∇uh‖0 .

(

kh+ (kh)2 |log h|+ k(kh)3
)

C2,u,g. (5.6)8 5.

1. |xx8L α = 1 m, ��Z)�R.y��A (5.5) pZ)�aRG^�.y��A (4.4) I) (kh)2 |log h|. }>, (5.5) vwvN��AW�Him.

2. },�E��b ∇uh ^
�5T8) k(kh)2(cf. (1.3)), �x��A (5.6) |xx8,6�)�g!R�", �3�b Gh ^
�5TM k(kh)2.

3. h� PPR rn"�N5T8), KvL α = 1 m, Ghuh Ry�
b, O(h2)(+�
|log h|1/2), '�l3$[$ PPR! Richardson&#dr!N8),�r>QNSfiOR)k8)�AI. 3$�)'R�3xk<�8�k..

6. �z �o�e^��3$wku:�pZ)�! L�[�QR��Z)�aR�E�℄R.y�^:. fr�Rg�ZI���, ℄U)�WRvN,�R�E�)�;u. Z3$T0Æ'T℄U)��z LRE8�Q!>aR.y�[�, s�R.(�3&P [30].h Th v Ω aR�"R1r7℄U)�;u, Vh vÆbu7G^�E�~K.{A, ae℄U)�R Condition (α). fV{ e ∈ EI
h, Ke ! K ′

e �t
� e R��℄UI�. � Ωe = Ke ∪K ′
e. &P! 1 !! 2. fV{ Ke ∈ Th, θe �t� e f�R Ke ℄UZ.U, te �t e aRI-AO� (j Ke �_R2m)rO). �I� Ke a, ne �t� e aRI-&nO. a� ′ �t� K ′

e aRf��. CR, t′e = −te B n
′
e = −ne.fV{ e ∈ EI

h (P! 1), Z� Ωe R�Mf��R-bI) .� ε, ?
∣

∣he−1 − h′e−1

∣

∣+
∣

∣he+1 − h′e+1

∣

∣ ≤ ε,"3$0 Ωe v ε f�:\��Z.fV{ e ∈ EB
h (P! 2), Z� Ke R��� e− 1 ! e+ 1 R-bI) .� ε, ?

|he+1 − he−1| ≤ ε,"3$0 Ke v ε f�Tn℄UZ.f( 2. Z�B�,� α ≥ 0 qQ
(a) fV{ e ∈ EI

h, Ωe v O(h1+α) f�:\��Z;

(b) fV{ e ∈ EB
h , ℄UI� τe v O(h1+α) f�Tn℄UZ."0℄U;u Th  L Condition (α).8 6.

• E8�Q “O(h1+α) >B?DA;C” ,����A Dirichlet R%�1�R�E�℄R.y�^:. ,�℄v Robin �_�QR�-X, 3$$G�E8�Q “O(h1+α) >B<E�=C”.
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• Z�7r)�v,�R Delaunay)�, ���#�℄UI�u~1��NTRP℄UI��QNr<�RG&)�, "'M)� L α = 1 R Condition (α).

�
�
�
�
�
�
��

A
A

A
A

A
A

AA

Q
Q

Q
Q

Q
Q

Q
Q

Q
QQ

e

τ

τ ′
e+ 1

e− 1
θe

θ′e



�





�

n
′
e

ne

" 1 /$J� Ωe bSy 
@

@
@

Γ
�
�
��

L
L
LL

e2

e2 + 1
e2 − 1

��	
θe2

���

e1

e1 − 1

e1 + 1

@@R
θe1

�
�

@
@
��	

θe

e
e + 1e − 1" 2 �`J�bSy �Z<, Ih℄U;u Th  L Condition (α). "3$�Z?~	.)� 10. h u v Helmholtz r3 (1.1)–(1.2) R℄. fV{ vh ∈ Vh,

∣

∣

∣

∣

∫

Ω

∇(u− Ihu) · ∇vh
∣

∣

∣

∣

.
(

kh1+α + k2h2 |log h|1/2
)

‖|vh|‖C1,u,g. (6.1)

Ih· v Lagrange G^'3�I.f� 8. h u v Helmholtz r3 (1.1)–(1.2) R℄, uh v℄U)� Th aRG^�E�℄."B� k ! h 6�R,� C0 qQL k(kh)2 ≤ C0, �
‖|uh − uI |‖ .

(

kh1+α + k2h2 |log h|1/2 + k(kh)2
)

C1,u,g. (6.2)4�. .(�3��
~	 4, [$~	 10 ?|.Q.8 7. �3ok<, h��,3$QNRy��F
 1 + α, K'�y��WRvg�R.uoa, f
r�R%�1�, 3$|x	�8rMy��, 1 + α R�}R℄U)�;u.f
|�� Helmholtz 1���, L)�5CL�Pm, 'M)��mw�
k. 1 + α Ry��.f� 9. h u v Helmholtz r3 (1.1)–(1.2) R℄, uh v℄U)� Th aRG^�E�℄."B� k ! h 6�R,� C0 qQL k(kh)2 ≤ C0, �
‖Ghuh −∇u‖0 .

(

kh1+α + k2h2 |log h|1/2 + k(kh)2
)

C1,u,g. (6.3)



2 = a�: }��2�S/z�_ 163��U, 3$|xQN PPR rnf℄U)�aRG^�E�℄R5T8)R�L.f� 10. uh v℄U)� Th a Helmholtz r3 (1.1)–(1.2) RG^�E�℄. 3$�
‖Ghuh −∇uh‖0 .

(

kh+ k2h2 |log h|1/2 + k(kh)3
)

C1,u,g. (6.4)8 8. 3$0Æ�℄UZ)�a.y�[� (6.3), PPR �If5T8)R�L (6.4) x=`o LR)��Q Condition(α). ��Z)�I�, h�[���, K.(W�)�, `&|x&y [30] �℄�g>Z. 6>3$u:��E�<,PR)�;u (℄UZ)�!��Z) aRG^�R.y�^x=pZ)�aRV{?�R.y�^. t�})� (�ZpZ)�, -℄UZ)�T~
�})�) aR|?�E�R.y�^�AWR`odr!im.

7. Æ5
&3$u�q�pZ)�aR p- ?�!��ZI�aRG^��A� Helmholtz 1�
(1.1)–(1.2). !wLR f ! g qQEO℄,

u =
cos(kr)

r
− cos k + i sink

k
(

J0(k) + iJ1(k)
)J0(kr).asv u(x) R;S��Es, >< r = |x|, J0(x) ! J1(x) vVr� Bessel ��. �A�I�, Ω = [1, 2]× [1, 2].h uh v u R�E�f�. D�E�℄R H1- �p8), Eg = |u− uh|1, D PPR >	R�bR8), Ep = ‖∇u −Ghuh‖0. ?'3$2A��38)x=k.y�Y −γ. f �R)�5C h1 ! h2 x=If�R8) err1 ! err2,

err1 = Cnγ
1 , err2 = Cnγ

2 =⇒ γ =
log err1 − log err2
logn1 − log n2

,>< ni = 1/hi, erri �t8) Ep 4 Eg.

7.1. ,�/{℄��!{A3$q�pZ)��;uA�I� Ω. )� T C
h v� n2 �NTR-rZ	1.f�� k = 50 ! k = 100, u�q��G^�, �j?�!�℄?��G℄ Helmholtz r3. � 1–3 �8� �)�5C?R�E�℄R H1- �p8) Eg ! PPR >	R�E��bR8) Ep x=f�Ry��. |xxN PPR >	R�E��bRRy����E�℄R�bRy��|rY. }>, L)�G&Nr[3b, PPR rnR8)oPRg.,�k.pZ)�? PPR rnR5T8)WRv k2p+1h2p, 3$A��L k2p+1h2p =

1, 1/2, 1/4m, j?�!℄?�RÆ)�G&mR8)�-, Z! 3. �m|xx8 PPR rn|x�RUN Helmholtz r3�3℄R8).R)3$k.��Z)�aRG^�E�℄R.y�^. 3$k�fpZ)� T C
h R.#ZXRÆ8U℄k1��Z)� T Q

h , Z! 4. ��ÆX T Q
h RV{I� K R�Mf�<X�G&)� T Q

h . � 4 CtLJ�bL�Fm, �E�℄R H1- �p8)If
J�bRy��v −0.5, h PPR rnRy��v −1. ! 5 �8�L k3h2 �[m, �38)ÆJ�b$FR�-KG!. |xxN�y��Q k3h2 ≤ C0 ?, PPR rn �|�y��hB�RRN�8).
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h �d�"-�0d��n_bd�\Wu

k = 50 k = 100

n = 1/h Eg γ Ep γ Eg γ Ep γ

511 1.34E-02 4.10E-03 3.95E-02 3.04E-02

575 1.19E-02 -1.07 3.24E-03 -2.00 3.29E-02 -1.54 2.41E-02 -1.98

639 1.06E-02 -1.06 2.62E-03 -2.00 2.82E-02 -1.48 1.95E-02 -1.99

703 9.60E-03 -1.05 2.17E-03 -2.00 2.46E-02 -1.43 1.62E-02 -1.99

767 8.77E-03 -1.04 1.82E-03 -2.00 2.18E-02 -1.39 1.36E-02 -1.99

831 8.07E-03 -1.03 1.55E-03 -2.00 1.95E-02 -1.35 1.16E-02 -1.99

895 7.48E-03 -1.03 1.34E-03 -2.00 1.77E-02 -1.32 9.98E-03 -1.99

959 6.97E-03 -1.02 1.17E-03 -2.00 1.62E-02 -1.29 8.70E-03 -1.99

1023 6.52E-03 -1.02 1.02E-03 -2.00 1.49E-02 -1.26 7.64E-03 -2.00X 2 Y k = 50 s 100 	, }��n T C
h �dia0|d��n_bd�\Wu.

k = 50 k = 100

n = 1/h Eg γ Ep γ Eg γ Ep γ

256 4.88E-04 1.21E-04 1.96E-03 1.06E-03

288 3.86E-04 -2.00 8.48E-05 -3.02 1.55E-03 -2.01 7.37E-04 -3.10

320 3.12E-04 -2.00 6.17E-05 -3.02 1.25E-03 -2.01 5.32E-04 -3.09

352 2.58E-04 -2.00 4.63E-05 -3.02 1.04E-03 -2.00 3.97E-04 -3.08

384 2.17E-04 -2.00 3.56E-05 -3.02 8.70E-04 -2.00 3.04E-04 -3.08

416 1.85E-04 -2.00 2.79E-05 -3.02 7.41E-04 -2.00 2.37E-04 -3.07

448 1.59E-04 -2.00 2.23E-05 -3.02 6.39E-04 -2.00 1.89E-04 -3.07

480 1.39E-04 -2.00 1.82E-05 -3.01 5.57E-04 -2.00 1.53E-04 -3.06

512 1.22E-04 -2.00 1.49E-05 -3.01 4.89E-04 -2.00 1.26E-04 -3.06X 3 Y k = 50 s 100 	, }��n T C
h �d�a0|d��n_bd�\Wu

k = 50 k = 100

n = 1/h Eg γ Ep γ Eg γ Ep γ

192 1.47E-05 6.92E-06 1.17E-04 1.11E-04

213 1.07E-05 -3.00 4.56E-06 -4.01 8.60E-05 -3.00 7.30E-05 -4.00

235 7.99E-06 -3.00 3.08E-06 -4.01 6.41E-05 -3.00 4.93E-05 -4.00

256 6.18E-06 -3.00 2.18E-06 -4.01 4.96E-05 -3.00 3.50E-05 -4.00

277 4.88E-06 -3.00 1.59E-06 -4.01 3.91E-05 -3.00 2.55E-05 -4.00

299 3.88E-06 -3.00 1.17E-06 -4.01 3.11E-05 -3.00 1.88E-05 -4.00

320 3.17E-06 -3.00 8.93E-07 -4.01 2.54E-05 -3.00 1.43E-05 -4.00

341 2.62E-06 -3.00 6.92E-07 -4.01 2.10E-05 -3.00 1.11E-05 -4.00

7.2. Richardson ��PZ<, 3$+xq� Richardson u�{d�E�℄R�b!k� PPR rn>	R�3�b. Richardson &#vr=0��RU�|�3�s (�Z�E�rn!�E)urn) ibRrn [40–44].



2 = a�: }��2�S/z�_ 165X 4 Y k = 50 s 100 	, �U��n T
Q

h �d�a0|d�:+g2xd�\Wu
k = 50 k = 100

DOFs Eg γ Ep γ Eg γ Ep γ

25 6.40E-01 6.40E-01 6.36E-01 6.36E-01

81 6.28E-01 -0.02 6.28E-01 -0.02 6.24E-01 -0.02 6.23E-01 -0.02

289 7.69E-01 0.16 6.34E-01 0.01 6.27E-01 0.00 6.28E-01 0.01

1089 7.16E-01 -0.05 6.15E-01 -0.02 7.62E-01 0.15 6.33E-01 0.01

4225 2.72E-01 -0.71 2.55E-01 -0.65 8.54E-01 0.08 7.12E-01 0.09

16641 8.52E-02 -0.85 7.07E-02 -0.94 4.91E-01 -0.40 4.57E-01 -0.32

66049 3.17E-02 -0.72 1.81E-02 -0.99 1.44E-01 -0.89 1.34E-01 -0.89

263169 1.42E-02 -0.58 4.56E-03 -1.00 4.38E-02 -0.86 3.46E-02 -0.98

1050625 6.84E-03 -0.52 1.14E-03 -1.00 1.63E-02 -0.72 8.71E-03 -1.00

100 200 300 400 500 600 700 800 900 1000 1100

n=1/h

0

0.005

0.01

0.015

0.02

0.025

th
e

 e
rr

o
rs

50 100 150 200 250 300 350 400 450 500 550

n=1/h

1

2

3

4

5

6

7

th
e

 e
rr

o
rs

10
-3

" 3 P": �\ k3h2 = 1, 1/2, 1/4 n, q[*�bSH_�F�^S9*�*�6DOQS�.. �": �\ k5h4 = 1, 1/2, 1/4 n, q[*�bSk��^S9*�G*�6DOQS�."
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hf
G^�E�, �[	 2 ![	 6 CtL)�L��"m PPR rnR8)�A<'38)!5T8)^v h2 Yy� (�m+� |log h| M). }> Richardson &#f'�M8)
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" 5 �\ k3h2 = 1, 1/2, 1/4 n, ��[*� T
Q

h bSH_�F�^S9*�K�%HS�."^|x?NR�. h�E�℄R�A<'�Mv �YR, }>� k� PPR rnR)<	RE�?, Richardson &#v ?R�R. ?'3$���3ok�8�(.� Th ,��Z)�;u (
�pZ;u), Th/2 v Th Rr?G&. [| Richardson &#�I R

Rvh/2|K = (4vh/2 − vh)/3 ∀K ∈ Th/2,>< vh ~
 Vh(P[| (5.1)).X 5 Y k = 30 s 100 	, T Q

h �d�"-�0|�:+gd2xd�\Wu
k=30 k=100

DOFs Eg Ep Er Eg Ep Er

289 6.18E-01 5.64E-01 6.53E-01 6.27E-01 6.27E-01 6.26E-01

1089 2.43E-01 2.37E-01 3.20E-01 7.71E-01 6.32E-01 6.40E-01

4225 8.57E-02 6.84E-02 3.78E-02 8.28E-01 6.92E-01 6.53E-01

16641 3.57E-02 1.78E-02 2.77E-03 5.10E-01 4.74E-01 4.98E-01

66049 1.68E-02 4.49E-03 1.83E-04 1.53E-01 1.43E-01 8.43E-02

263169 8.27E-03 1.13E-03 1.21E-05 4.58E-02 3.70E-02 6.35E-03

1050625 4.12E-03 2.82E-04 8.85E-07 1.67E-02 9.34E-03 4.10E-04Dk� PPRrn! Richardson&#)<	R�3�b!iO℄�b0KR8), Er =

‖∇u−RGhuh‖0. � 5 �8� k = 30 ! 100 mÆ$GRJ�bRf�8). |xxNLJ�bL�Fm, RGhuh R8)�P
>��=�38). ,�.(�I RGh· R�R^, 3$A��L k3h2 �[, )� eG&m, T C
h aR�3℄R8) (P! 6).N)3$58�I RGh· |x�
[|)k8)�AI

ηh = ‖RGhuh −∇uh‖0 .� 6 �8�)k8)�AI�E�℄R H1- �p8)0KR�W. |xx8, )k8)�AI ηh vSfEOR.
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" 6 �\ k3h2, T C
h bS�49*�J�6DS�.". P": �\ k3h2 = 1, �": �\ k3h2 = 1/4X 6 hZ�Y k30, 60, 120, T Q

h �d-�0|d H1- Tk�\st%�\pv9
k=30 k=60 k=100

DOFs Eg ηh Eg ηh Eg ηh

1089 2.44E-01 2.77E-01 8.43E-01 5.10E-01 8.67E-01 6.20E-01

4225 8.53E-02 8.19E-02 4.27E-01 2.82E-01 7.93E-01 4.85E-01

16641 3.53E-02 3.50E-02 1.32E-01 1.06E-01 7.24E-01 2.92E-01

66049 1.65E-02 1.65E-02 4.41E-02 4.27E-02 2.33E-01 1.55E-01

263169 8.12E-03 8.12E-03 1.81E-02 1.81E-02 6.63E-02 6.23E-02

1050625 4.04E-03 4.04E-03 8.49E-03 8.49E-03 2.19E-02 2.17E-02[ � � �
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SUPERCONVERGENCE ANALYSIS FOR THE HELMHOLTZ

EQUATION WITH HIGH WAVE NUMBER

Du Yu

(Department of Mathematics, Xiangtan University, Xiangtan 411105, China)

Abstract

We study the supercloseness property of the finite element methods and their super-

convergence behavior after post-processed by the polynomial preserving recovery (PPR) on

both Cartesian and quadrilateral meshes for the two dimensional Helmholtz equation. The
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error estimate with explicit dependence on the wave number k and the mesh condition pa-

rameter α is derived. We first analyze the supercloseness between the finite element solution

and the interpolation and the superconvergence for the recovered gradient by PPR under

the assumption k(kh)2p+1 ≤ C0 (h is the mesh size) on Cartesian meshes. We then analyze

the supercloseness and superconvergence for the linear finite element method on quadrilat-

eral meshes. We also recall our work about superconvergence property of the linear FEM

on triangle meshes. Furthermore, we estimate the error between the numerical gradient

and recovered gradient, which motivate us to define the a posteriori error estimator and

design a Richardson extrapolation to post-process the recovered gradient by PPR. Finally,

Some numerical examples are provided to confirm the theoretical results of superconvergence

analysis.

Keywords: Helmholtz equation; large wave number; superconvergence; PPR; finite

element methods
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