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C '

� k+1 � � k = � � h � k+1 ; (2.13a)

� k+1 = � � Uh;c (� k+1 ) � � � Uh;e (� k )

= S0(� k+1 ) + � 0(� k+1 )
€

ax ((D x � k+1 )2) + ay ((D y � k+1 )2)
Š

� 2dx

€

Ax � (� k+1 )D x � k+1
Š

� 2dy

€

Ay � (� k+1 )D y � k+1
Š

+ H 0(� k ); (2.13b)

} �

S0(� ) =
� 1


+

1
N

�

ln � � � ln(1 � �� ); H 0(� ) = � 2���; � 0(� ) =
2� � 1

36� 2(1 � � )2 :

� - w � k+1
Y \ _ �  � h } x , 2 a G G ? � - S0(� ) G H 0(� ) - j W � { J q g .

� � 9 D - D W (2.13) ] V E � k+1
{ , _ � ( R ( , 2 � 	 ! � o � M . � * � D z O

z w 9 D - D W { 7 $ � M � G ` + D � � .

; M 3. � ` + D � � � � � 9 D - D W (2.13) ] H � 5 ` + D � { , � � ( - O . 7 K

� > 0, @

Uh (� k+1 ) � Uh (� k ):

D - D W (2.13) ] V E � k+1
{ , _ � ( R ( , 2 a 	 ! T : � o  � M . � o a R 	 ! � d

_ u { W � � � � , � W � { � � � J 	 7 e � o { f ' � * � f ' � o � 0 { � ^ � . D

- D W ] 7 $ � M { , H @ W � 1 l � � , � ! � o � 0 ] f ' { , [ D } � ^ � g ] D - D

W { M , d � V 4 E � g ] ! F I $ F f ' { � o � 0 . � k+1
] V F � D $ & e Gk { 7 $

� n � , I k s $ � 	 , � M D - D W (2.13) { E � � * � � 8 � Y + & e Gk { � n � { (

- E � , d � � * > : ) < � (  � � o � M . � * > : + � Newton (  � } 	 � n � , /

K m GMRES (  

[70]
� M Newton ( R , ) < � (  � @ � z - Newton � o { f ' �

[71] .

8 - 1 ?  � O . � : � E ` + { O . " _ 5 7 K

� k+1 = max
n

� min ;
� max

È

1 + � jU0(tk )j2

o

: (2.14)

m � V I ? 3 [66].
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2.4. R N Y ? O : T G < I A U

! I _ � L P c { ` + $ - 2 � [ = , 6 ! O . � G { $ - 2 D W

[65] . I k ` + & e {

$ - 2 � W , � $ g > : Crank-Nicolson N W , � � � g T : � G [ W Adams-Bashforth N

W , s G G J } & u � - � I K Q � H Y { � G $ - 2 D W ] � | {

[72] . � /

� t  k+ 1
2 =

 k+1 �  k

�
; k = 0 ; 1; : : : :

D - D W 1 W : ) | � { 1 D e q � k 2 Cm � n , � � { 1 D e q � k+1 2 Cm � n C '

� t � k+ 1
2 = � h � k+ 1

2 ; (2.15)

� k+ 1
2 = bSk+ 1

2 + ÒH k+ 1
2

+
1
2

b� k+1
€

ax (D x � k+1 )2 + ay (D y � k+1 )2
Š

� dx (Ax � k+1 D x � k+1 ) � dy (Ay � k+1 D y � k+1 )

+
1
2

b� k
€

ax (D x � k )2 + ay (D y � k )2
Š

� dx (Ax � k D x � k ) � dy (Ay � k D y � k ); (2.16)

} � k = 0 ; 1; : : : , � ` = � (� ` ), b� ` = � 0(� ` ), ` = k � k + 1, 

bSk+ 1
2 =

1
2

€

S0(� k+1 ) + S0(� k )
Š

; k = 0 ; 1; 2; : : : ;

ÒH k+ 1
2 =

8

<

:

3
2

H 0(� k ) �
1
2

H 0(� k � 1); k = 1 ; 2; : : : ;

H 0(� 0) +
�
2

H 00(� 0)( � t )0; k = 0 :

s �

bSk+ 1
2

] S0(� ) _ tk+ 1
2

O . C = { Crank-Nicolson � 9 , ÒH k+ 1
2

] H 0(� ) _ tk+ 1
2

O .

C = { � G [ W Adams-Bashforth � 9 , � ` + & e � ` 5 E � (� )jr � j2 { g " _ tk+ 1
2

O .

C = + Crank-Nicolson � 9 . � * z O , D - D W (2.15) V E O . ] � G {

[65] . s " ] $ F

, _ � D W , � * z O � { 7 $ � M � G ` + D � � .

G �  � (  { K _ � * ? | A ] [65, 66, 69],G @ < � � , D W (2.10) ] [ W { , / +

 � , s � O . 7 K { ! � ~ � , �  � 9 ` + 3 � D � 1 . � D W (2.14) G (2.16)(2.17) �

9 ` + � D � 1 , � ] , _ � D W , ! � o � M , [ D ] 1 � * B  $ � Q E � . { D W , �

] / +  � D C ' f { � 9 ` + g 9 V T , _ A ] [73], G G Q \ - .

� E 9 � # � Q � { _ � � � ] $ F N w { E � , �  > E g 9 g T q ] , _ � � � @

• � ,  � { \ k C � G G } M @ � � O � , s Y � / E @ � D { z O K _ . M { � 	 * � l

O . � � � ] - p M q { E � . � MMC-TDGL ( R 5 : Z (  � � e ` ( a R { O i E �

" E @ M q .

3. Z J B

G � J 	 3 � 4 K P � D / . , � . ] i m J , 	 @ / 6 { 4 K P , s � 4 K P • F v �

} t X � 	 @ , J l { D 1 , [ D � e 4 K P " ] ; . � � � e � ! � � .

MMC-TDGL ( R M { K O . � � ] MMC g < t r � { K P , z 3 w � . a R { � D



1 | m � : v h = � 4 K 
 < / � A � | r � F � 9

� K P . i m J � � e 4 K P J : { (  ] " � t u H (  

[7] . W L * MMC g < 8  w O

9 (  { 6 ! �  � (  .

3.1. m S 8 Q `

! I _ / � ! V � u g < { 4 X K P , $ • * � , q � J � � e r � ! ] � :   # � �

@ � e A -  � � ( ,  1 > : 6 h w j 
 h w � @ W |

[16] . } � $ � � P { W | ] " � H

t u W | � @ , , N 8 t u H � @ (Self-Consistent Mean Field Theory) � r N 8  � W | �

@ (Saddle Approximation). / r � w , $ � t u H � @ J : E ] � � "  � T , �  s q "

 } . g _ ` | + : # , } i { y c � ! ] _ 
 � e { � � T  � 3 2 $ F - H W , d � 8

� T � "  } . { ` | + : # � � O _ $ F � E } p - H W W { r � � T { ` | + : , "

g ] w 8 � E "  { � T � � O - � E H { � T . s  , 9 } p H W } Q � * y + ] T  �

} � 
 @ "  � V � � "  ` | + : { $ F x � t u + : , � * : 1 % 2 
 X { / + X - %

� M o 9 a R .

& 2 # � u v I � A z d Y . &

+ B : J � � - X � T { � ? + , [ D J � H � � * q � $ F } p { - H W , � O - H

W " a � D � * q � J � H � . s * F + } . { ` | � V + : T z 
 | ; { � "  � T ) 

j w t r � , s g ] 
 = { \ " � " { c / . � J $ F � � � T � { " � t u H ( R � * @ 1

W - X � W

W = W [� ]; (3.1)

� = � [W ]: (3.2)

$ � � , W  (3.1) ] I k � � ` | + : ` + e q - M 
 z , W  (3.2) e ] � E r � " E -

M 
 z .

u � MMC u g < , G G _ y e T $ (n; V; T) W 6 ! 9 T  { " � t u H Q � / * v Y

` � 5 { ( R ( . _ Q � 6 ! } � , i Y � x F Q � U � % ! + B :

1. + B 
 @ { l -  4 � 8 l n u Z { � � K P , � � b 8 Rm , � � 8 vm ;

2. + B _ F F 4 � - L F { { A -  ( 8 u i J A -  ( , �  8 0 � A x ( Q � ;

3. + B F F 4 � - L F { { A -  ( q Y ` � , F q # 8 k, �  F � u i J i m � $

 .
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G G + B T  � c @ np � u i J ( , F � ( { i m � 8 N , F � ( C ' &  A x ( Q � ,

: � . � _ r (s); s 2 [0; 1] - X F � ( { P � . : V - X T  { � � . 4 � { F q : nm - X .

� T { ? � 8 T. 9 � T { @ p Hamilton ` + # 8 H, e

N�H
� 0V

=
1
V

Z

dr [� N� m (r ) � p(r ) � Wp(r ) � p(r ) � Wm (r ) � m (r ) � � (r )(1 � � p(r ) � � m (r ))]

� np ln V Qp � nm ln V Qm ;

(3.3)

} � Qm j Qp - . - X r F 4 � j � = F { { r � u i J { n - e q , � * � M O "  3

G } � "  + : � � j + B � { $ F - H ` + : � z w { - 5 . m � - j � W 8 ( � : s � G

G 8 A -  ( { F F ( � (segment) { � � vp + 8 � T { + � � � , l -  4 � { � � vm

	 ! ` � E vp * T � ( � ] � , / + B vp = 1 )

Qm =
1
V

Z

dr exp (� vm Wm (r )=N) q(r ; 1);

Qp =
1
V

Z

dr q(r ; 1):
(3.4)

n - e q � Y \ { q(r ; s) - X u i J ( { " > � ] _ l -  4 � = { _ 1  , C ' 1 W { p

4 - ( R

@q
@s

= R2
gr 2q � Wp(r )q(r ; s);

q(r ; 0) = exp ( � vm Wm (r )=N):
(3.5)

> E u i J ( { * � ] 3 $  { , 
 * G G 	 ! - X d 7 $ � w U { _ 1  q+ (r ; s) ]

% ! { , � } " > � ] S � l -  4 � { [ $ � ,  C ' 1 W { p 4 - ( R

@q+

@s
= � R2

gr 2q+ + Wp(r )q+ (r ; s);

q+ (r ; 1) =
�

q(r ; 0)
:

(3.6)

s * F p 4 - ( R { & O � 5 u ] � { & O . } � � - X F F 4 � - L { F { J � , � r <

- L � = F { u i J ( { q Y .

� G G = L 
 z w { Q � (3.3) U � " � t u H �  � W |

�H
�� p

=
�H
�� m

=
�H
��

=
�H
�W p

=
�H

�W m
= 0 ;

@

Wp(r ) = �N� m (r ) + � (r ); Wm (r ) = �N� p(r ) + � (r );



1 | m � : v h = � 4 K 
 < / � A � | r � F � 11

� m (r ) + � p(r ) = 1 ;

� p(r ) = �
np

Qp

�Q p

�W p
; � m (r ) = �

nm

Qm

�Q m

�W m
;

� / x z w 1 W I F ( R

Wp(r ) = �N� m (r ) + � (r ); (3.7)

Wm (r ) = �N� p(r ) + � (r ); (3.8)

� m (r ) + � p(r ) = 1 ; (3.9)

� p(r ) =
np

Qp

Z 1

0
dsq(r ; s)q+ (r ; s); (3.10)

� m (r ) =
1

Qm

vm

N
q(r ; 0)q+ (r ; 1): (3.11)

G G N s I F ( R 8 " � ( R ( , s ] 2 8 H � Wp � Wm O , � p � � m � > ( R (3.10)� (3.11)

 � z w ; 7 $ ( L , H � � p � � m O , Wp � Wm � I k ( R (3.7) � (3.8) � (3.9) z w . _  � ,

s I F ( R � O O ! , � Wp � Wm � � p � � m � � _  � ] ` | " � , s " ] t u H W | E * "

� t u H (  { O 2 } $ .

3.2. F V > =

� a � L { Q @ G G � * y Y " � H � @ C O L { 8 � � � e r � M - $ � � e A -  

( � T t r � ` K P � 8 { � ! � @ 	 , . [ Q = , 9 � @ "  N 8 ] $ � 7 k � @ . � @

= � * � a � M " � H ( R ( z w A -  � T { t r � ` � 8 . s ] I k " � H Q � � a �

Hamilton + � M  � 
 z w { ( R ( � J ] $ F m @ � M { , _ � ( R ( , �  m @ 
 3 {

, h 8 � , 
 3 & � E � T { ? q �W � { � � j 
 � e { A -  ( { m � { , x K P } Q .


 * ! c � a M M { (  � M 
 z w " � t u H ( R ( Y � � ] $ 5 # C  ] { [ � , ` V

� e { K + � ] � # E P �  � � q � h � � � M " � H ( R ( { � e � , � a W | � M "

� H ( R ( z w V { { t r � { J � - 5 � 
 .

i Y G G / ! Q @ � M " � H ( R ( { ) � ! 7 � ,  x ^ m � Q @ V I . _ $ F H � {

 � � I � � W , � E = L * v Y � { " � H ( R , $ � { � o � M 7 � 8 :

1. � � H Y W � H W ;

2. � M Y J � � j � # H � (r );

3. � a � M p 4 - ( R � M _ 1  q j d j _ 1  q+ , / J z J � �  � ;

4. J z - H W ;

5. l � � � m ; � � p ] 1 w j H � { L D � 5 , 1 _ E @ , # � w � � 7 • w f ' .

q � = G G � M � M E � { , _ � ( R ( � J V { * W � F E � :

1. � � _ u { W � , � m _ { J � { W U - 5 � r ] t u - H { W U - 5 � _ u { ? q �

G ( - { � � - q � ) x { M F I { 7 e . W � { � � Y � ) ' { (  � ? | [74,75].

2. � ( R { � 9 D W { P c j � M _ 1  
 C ' { p 4 - ( R { q � (  , 2 8 s q •

F 7 e w  � p = j ) x { f ' � 
 . � . � 9 � ! - 8 | ; � N � {  � . � 9

[79]
j �
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� . � 9 . � � . � 9 @ D - (  

[83] , b z (  

[84]
j @ ^ N (  

[78] . O . � 9 @ �  - 2

 

[85]
j Adams � { _ � � 8  

[80] .

3. J z - H , � > � _ u { � o (  � " � t u H ( R ( U � , _ � � o d � J z - H ,

� o (  { f ' � • F 7 e w �  { f ' � D � , 1 e o / + v � M Y \ 3 D � \ k .

" � H { J � M ]  � , } , _ � � o  { B  & � E Q � { * v . � E Gauss & e �

- { Q � * v , � * z w  � 8 W { ` + = J W ; ( j , } $ � { * v ( W � * ? |

[81] , s

 � * P c � � � � o D W . � T T � E Fourier ( � { * v Y { " � H Q � , � ! A � T :

{ Q � , � * B  3 � � � o , Y � ) 8 A p { (  ] Anderson � o  

[82] .

& G 3 � _ � 	 � V E " � t u H { W | (  ,  1 Semenovj Helfand } � Y { 
 -

� (strong segregation) � @

[76, 77] , Leibler � Y { 6 - � � @ (weak segregation)[16] , * � J

� & e � @ . s ] s q (  H @ ] d � + - M { [ � ? � , � ] 5 : � = � w � m @ o l {

^ � � . � a = L / ! { Q @ , G G } Q � * y w T : G � � 9 { q � D W � � M " � ( R (

) � ! { � ] 8 - � M _ 1  
 C ' { � 9 ( R (3.5) j (3.6) . s ] 9 ( R / 3 ] o / + q

� � M , = } ] w - A : { � 
 . T : [ D W { � 9 D - (  { � > E CFL � 5 { ^ � , �

O . 7 K ! � � } ~ � ; T : 4 D W { D - (  , _ A : � 
 	 ! � M _ � ( R ( ,  � + `

u 3 \ ; � E � M � 9 ( R J : { ADI D W w - 7 : e 3 D � . [ Q = � E t u H � @  �

{ � 9 D W � ! - 8 * � : Q � . (  j z (  .

� $ � ] > Matsen j Schick [79]
_ 1994 e � Y { 3 � . (  , � 8 � T � { � ? + _

3 � . � h w , 9 (  { ) l h ^ g ] � � { � e q ! j L {  � { ` K P m @ �  { � N

� ! � . " g ] w 8 � � . " 7 w $ q m @ � m � N � {  � . � , 2 a s � (  / 3 ` : E

� \ z { ` K P . 7 - } 3 \ � 8 O(K 2), K 8 " > � . 2 a ` V K + r S 3 B  $ � 3 	 !

� 
 � e J 	 { ` K P @ ( l Y � | S { q �  � (  . s � (  � 8 Q � . (  . ) a ]

> Helfand j Wasserman_ 1976 e � Y , � G 8  � � I + B O Q � � j � � } x 8 E � �

� O $ : E � . x > Drolet j Fredrickson [83]
_ 1999 e * * ; U , � Y $ � J A p � � O "

3 	 ! � ` K P @ Y � | S { Q � . (  { ( m < �  (Combinatorial Screening Method),

/ T : @ ^ D - (  Crank-Nicholson D W � 9 � 9 ( R . �  s � (  � * : � � \ z K

P , �  _ � � . U � � 9 , 3 	 ! Y � + B ` K P { � N � , s ] s � } Q { � M " a � H

 � n � l l {  � 3 \ � ,  �  3 \ � * 8 O(K 2).

Y � y * > : { 7 $ � q � (  8 Rasmussen-Kalosakas[84]
� Y { b z  (Pesudo Spec-

tral Method). b z  { $ F < W � _ E T : � • Fourier ( � (FFT) 8 3 � . j Q � .  �

@ � K m � � . # 1 w , _ � M $ F p 4 - ( R { O w , 1 _ _ Q � . ` � • � M { g g � *

• F _ Q � . � M , 1 _ _ 3 � . ` � • � M { g g : FFT ( � w 3 � .  x ^ U � � M .

y ] � E s � ) / r { c  , 2002 e Tzeremes } &

[85]
_ Q � . (  � T : � G �  - 2

D W �  � _ 1  
 C ' { �  m J ( R , / 3 2 - b z � n _ Fourier � . �  � Laplace

g . 9 (  �  & S - ( m < �  { < � , / 3 	 ! � � + B � T { � N � , � O D � * � :

FFT, d � _ � z  � [ � { � � W , C f { � : Q � . j 3 � . { < \ � ; •  � { 3 \

� ,  � (  {  � 3 \ � ; 8 O(K logK ). } � ! y c g ] � : - 1 W h w W

q(r ; s + ds) � exp
�

�
ds
2

Wp

�

exp (dsr 2) exp
�

�
ds
2

Wp

�

: (3.12)



1 | m � : v h = � 4 K 
 < / � A � | r � F � 13

m � � w � W = G G � * 8 _ 1  
 C ' { 4 - ( R v O 1 W � W

q(r ; s + ds) = exp ( ds(r 2 � Wp(r ))) q(r ; s): (3.13)

* c > : Baker-Hausdor� �  - 2  

[86] :

exp (dsr 2) exp (� ds Wp)

= exp ( dsr 2 � dsWp � ds2=2[r 2; Wp] � ds3=12[r 2 + Wp; [r 2; Wp]]) + � � � ;
(3.14)

} � [r 2; Wp] = r 2Wp � Wpr 2. 
 * G G � * W | z w

q(r ; s + ds) = exp
�

�
ds
2

Wp

�

exp (dsr 2) exp
�

�
ds
2

Wp

�

+ O(ds3): (3.15)

W  (3.15) _ q � � M { O w , i Y _ Q � .  � exp (� ds
2 Wp),  x * a 8 W � � : FFT

_ 3 � .  � exp (dsr 2), 
 z � ^ \ a FFT w Q � .  � exp (� ds
2 Wp). > E 9 (  T :

- FFT, 
 * � * _  � a R � � C l { O .  � 7 K , 2 a l l { � A -  � • � . m � �

w x F �  9 R 8

1. W U � 5 # 8 q0(r ).

2. _ Q � . { F F � . < � r =  � q1(r ) = exp ( � dsWp(r )=2)q0(r ).

3. � q1 U � FFT z w q̂1.

4. # q̂2 = exp [ � ds(2�M=L )d]q̂1, } � M 8 � 9 D � q , L 8  � � { , d 8 � . : q .

5. � q̂2 U � IFFT z w q2.

6. _ Q � . q3(r ) = exp ( � ds Wp(r )=2)q2(r ).

7. = W � z w q3 � 8 q(r ; s + ds) , / 8 } + 8 z { q0(r ), � w (1) � 3  � , • w s  

� w A -  ( { U � , � s = 1.

W L G G * 3 : � . 8  , u � � L 
 6 ! { Q � m � H Y q � � M " � H ( R ( (3.7)-

(3.11) { �  7 � 8 : ( s � > � { q � Q b (  � ! ] ? q [86, 87])

1. � � � � W � Wp(r ) � Wm (r ) j � # H � (r ) .

2. � M _ 1  
 C ' { ( R (3.5) j (3.6) z w q j q+ .

3. I k (3.10) j (3.11) - . � Y u i J J � � p(r ) j 4 � J � � m (r ) .

4. J z H , > � n 7 w � n + 1 7 � o J z - H :

W n +1
m � W n

m = � 0 �H
�� n

p
+ �

�H
�� n

m
;

W n +1
p � W n

p = � 0 �H
�� n

m
+ �

�H
�� n

p
:

(3.16)

s � ? q � 0
j � u ] � o ? q , C ' � 0 < �  � > 0, � G / 3 7 e ) x { ` K P % . s

] � W l , q �  � { K P f ' • � W � , � O 	 ! � - { ] " J / + Y \ q � 3 D � \ k .

5. J z � # H

� n +1 (r ) = ( W n +1
p + W n +1

m )=2: (3.17)
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J z . � # H } x , � J � ! 1 � } V E � . < � { t u , � V � 1
R

� (r )dr . s  * � ! ] 8

- � A �  { D � � ,  � # H t ' $ F ` < / 3 7 e ) x t r � { A -  ( � T { ` K P .

6. # � w � � 7 • w j w  � .

s � 	 ! � Y { $ � ] , > E  � _ 1  O G G + B { ] � { & O � 5 , 
 * G G Q % =

] _ m @ � { & O � 5 { @ ^ T h � I = U �  � { . 2 a , � @ � � C l {  � � I = ` �

z D � M ( � r _  � a R � �  � � I U � < � ). 1 _  � � I # C n { � ,  � � . {

� � j l n � ) x { K _ � 	 F I $ � { 7 e (  1 : > E � . 
 n � { � � 7 e � r ] �

. 
 v � { 
 * { � { � ). 2 E a , 1 _ c z ? 
  � � . � ) x K _ { 7 e , � J � �  �

� . l n _ 
 | ; { Q X K P � { { 10 � * = . u  , f l  � � I { l n � * 1 ? > E @

^ T h �  � K _ 
 n � { 7 e , s ] � } n � { g ] 1 _ f l  � � . { � " 	 l l f l

 � + .

& 3 & � v ; 9 B . ! ) | 7 � � , 5 � u v � � .

r 9 0.15, �N = 10:4
& 4 ` 	 a z x | > h = | 5 L Q

G G I k � L 
 6 ! { " � H Q � , � q � L 
 o {  � (  U � - _ u { q � Q b , *

W 8 $ q q � Q b K _ . % 3 [ X Y A -  ( Q \ Y m @ - C � @ � { u � C K P , % 4 ]

` � 5 { � X A % . % 5 [ X ; ( - W � x , 4 � G 4 � } . � a E # { A -  ( 6 � � W

& F � � , � O 4 � k 0 u Z , 4 � G 4 � } . _ z ( j ] @ � ` & F , } � 4 � e ] � a A

-  ( { ` & F .

1 _ ^ ; ( 4 � { c + , � � * z w 1 W % 6 { (a)(c) 
 X { K P ((b)(d) ] � 5 { Q

� % ).

� a q � Q b K _ , G G � \ ? q �N j 4 � { � � - q � ) x { 4 ` K P 7 e # C l .

u T  � 4 � { c + # C � O , � ! Q \ 4 � { P k ( 1 % 6a), s � * G Q � W { ( 1 % 6b)

` � 5 . u " 5 O . f * , r � f � A -  ( f K , ? q �N f l , � * z w $ � { @ � 4 X

` K P .

Y � G G / E @ z w 
 @ { 4 K P , 2 8 9 T  ] � ? q � � _ � � � M { , / E @ $ F

� @ � * � z O } � M { F q � } G ? q } . { V T , s ] q � & 5 9 M q { E � .
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& 5 & � v ; 9 5 � | 7 � � , � ; 9 B . ! ) | 7 � � . 5 � u v � � . r 9 0.07, �N = 11. 4 � c @

X | . 6 � �

(a) � ; 5 � | 7 � � .

5 � | � � . r 0:37.

(b) R � x V 5 � d ,

D B P h = , ` 	 a X

z x | 5 L Q

(c) � ; 9 B . ! ) | 7 �

� . 5 � | � � . r 0:15.

(d) v X 8 � � | 5 L

Q .

& 6 R c ! � L Q k R � L ` � $

4. Z J B i E D b k

3 � { 4 K P � c { } Q + ] 3 � { . ( l $ � 4 K P { $ F ? + � 3 ` - X Y O U }

Q � c { 
 @ } Q + . 
 * ,  3 ` + 8 x F } Q { � + . 8 - " 9 G � K P % { } Q � v ,

G G � * � / } Q { q � { 3 8 } Q 1 . } Q 1 { - / _ E } Q 1 H ] d x F } R {   �

� | ; { ,  ` " 9 Y } Q { & � � v . J � ! { ] , � E V � � { } R , } } Q 1 � @ $ F .

$ F T  W ] e , } Q 1 W • . } Q 1 W A , T  W 
 > . 2 a , } Q 1 � * + 8 4 K P ] x R

� { $ � � + .

� . { , 3 � � � [ 5 � � f * � t + � * > } Q 1 ( � � � + . � � � � ( ~ , ] e �

c � } .  { m � � / 8

H (� ) = E
•

ln
1
pi

˜

= �
n

X

i =1

pi ln pi ;

} � pi ] & � I � � i F ( - � I { < = . _ ` - � { } Q 1 � , �  � / 8 i � { < = .

F W � , G G � d W U ? � T = 10oC, U � }  ? q . � (2.1) {  � � � � 0 = 0 :3, ?

� T d 10oC w 210oC * 10oC 8 . E ( � . G G z w - MMC u g < _ 3 � ? � W { } Q

1 ( � , 1 % 7.
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d % 7, G G � * � O � y w * F � � { } Q 1 ] 3 � { . � E 1 � K P " > ` , } Q 1

@ o � � n � � I ( % 7a). � ? � 3 � { f * , ` - � Y \ . s D � { � � .

(a) 2 � # ? a | ~ R 2 (b) ] � Flory-Huggins # ? a | ~ R 2

& 7 @ � e 10� C x 210� C, q , , 9 t R | t � @ � , j n � N=400

� � Q �

[88]
- O ) _ ( { " 5 � 5 ] a ? W _ � � � q A MMC g < * n O , _

40oC W i m 6 n O . _ A ? ( 1 50oC, 60oC � 70oC) � 
 W , i m � ; . " ` R z w , s �

G 	 8 - � � 8 - _ u � . ? � { f * ` R f * i m s " ` f 
 $ [ � . $ [ � v � i m (

- M , $ [ � G i m } . { d w v � i m G - M > � U � , � r 3 � { d w , = c O - i m j

- M > � Y \ . q � K _ G = o Q � K _ $ � . > a � * y Y } Q 1 - v - MMC u g < { t

X ` ( � 	 .

(a) MMC h = | � $ B e R

�

(b) � � J | W U & (c) � 6 $ W U &

& 8 NS h = k MMC h = � $ B e R � | 6 $ 6 ) W U

g < { 4 K P 3 � , G � � 	 " � D / . , y � � NS� g < j MMC g < * � # A d ( %

8(b)(c)). NS g < (87.5 wt% u ) H $ � � # g 	 v � . � MMC g < (A6, 89 wt% u ) _ o A

{ � # W � 3 	 v � , �  L � � # x , o � g � * � 3 w O  , 1 % 
 X . % 8(b)(c) ] NS

g < j MMC g < 5 # 5 ( � _ % .

[ D 1 l � � e g < { 5 # 5 ( V T ^ , 1 l | y � G { t X � 	 j 4 K P } . { V T

^ . _ [25], z w - $ � { K _ , s E @ 4 K P { V T ? q , G G _ A k [17] � 6 ! - $ F Q �

� * 8 - M q } V T E � .
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+ B $ F � � g < { A � 8 H , � b 8 R, ? � ( + 8 � [89] , [ D } � ( l + 8

F = diag( � 1; � 2; � 3); (4.1)

s � � i (i = 1 ; 2; 3) - X 7 F ( j { � ( =

[25] , �

� 1 , dh=dH; � 2 , dr=dR; � 3 , r=R:

[ D x � { � � ( � 8 det F = � 1� 2� 3
[6] . \ _ � = g < * 2 � � \ 8 � 0 { - � � " > -

o ,  x * w $ � � = U � � # d � � 1 % 9 
 X � . � � " > ` 8

& 9 > h = ` v � # ? . p � P � k | v h = y , + ` R � � > V � � $ R �

W (F; C) = Ws(F) + Wm (C); (4.2)

s � Ws(F) ] 1 � t � ` , Wm (C) ] 
 m 1 . t � ` � 1 W { Flory-Rehner � W

[90] :

Ws(F) =
1
2

NkT (FiK FiK � 3 � 2 ln det F); (4.3)

s � k ] Boltzmann J q , T ] s � ? � , N ] F r < � � _ { i m J ( { q + . � E 
 m

1 � �

[17]
� 6 ! { MMC u g < { 
 m 1

F (� ) =
kT
�

[
� s

�
ln(

� s �
�

) +
� s

N1
ln(

� s �
�

)

+(1 � � s � ) ln(1 � � s � ) + �� s � (1 � � s � )]: (4.4)

s � � s ] i m J r � { � � - q , � ] F F - � -  { � � . �; �; �; � ] & � E * W 4 X K

P ? + { ? q � M ( - v \ I 4 � { l n ), N1( i m � ), R( $ F \ I • " � 6 { • " q ), L ( l

-  4 � } . { i m J ( q ), � ( i m J ( } . { ` | + : 
 � ). m � & � V T ? | [17]. 5
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: [17] � { V T � * z w & ` + 8

ÓW 0(F0; � ) = � � 3
0

(

1
2

NkT [� 2
0(� 2

1 + � 2
2 + � 2

3) � 3 � 2 ln(� 3
0� 1� 2� 3)]

+
kT
�

•

1
��

ln
�

�� � 3
0� 1� 2� 3

+
1

�N 1
ln

�
�� � 3

0 � 1� 2� 3

+( � 3
0� 1� 2� 3 � 1) ln(1 �

1
� 3

0� 1� 2� 3
)

+ �
� 3

0� 1� 2� 3 � 1
� 3

0� 1� 2� 3

�

�
�
�

(� 3
0� 1� 2� 3 � 1)

)

: (4.5)

s � � 0 ] " > - o g < { - o = , x L 	 b V � @ . � : ( - V T

@ÓW 0

@�1
= S;

@ÓW 0

@�2
= 0 : (4.6)

s � S N N 5 # � = S� 1. d � � * z w 5 # 5 ( V T 8

� =
NkT

� 0
(� 2

1 �
1
� 1

): (4.7)

} � 0 � Q + NkT ( � $ 6 8 104N=m2
w 107N=m2. � � $ � { ? q  � � z W % � � 0 =

2:5 j 3 � { NkT � . d % 10(a) � � * y Y , u 0 � Q + NkT n { O w , g < / +  � � ,

1 e � � { ) l 5 ( l ^ .

(a) � A M B | 4 � @ r X | 6 $ 6 ) W U . (b) � � k � D � 6 | 6 $ 6 ) W U .

& 10 6 $ 6 ) W U .

� # d � K _ � % 8(b)� , � * y w NkT = 5 � 105N=m2
O ,  � { K _ G } $ � , MMC

g < _ o l { � # W E @ v � . � a V T (4.7), " � * z w � C { K _ , _ % 10� b� � G G

• - � C j � � _ � $ F % � , � 1 > 1, � > 0 g ] � C , d % 10(b) � � * y Y � C O 5 # 5

( C ' _ � V T . � O _ (4.7) � , � * z w 5 # 5 ( t X � 	 G i m J { i m � N1 � ? |

� - # { - o = � 0 { V T . % 11(a) � � * y Y , _ } � � 
 3 ( O , i m J i m � W l , g

< { t � W f . � % 11(b) � � * y Y l -  4 � W l , g < { t � W 3 f , W / + v � .

Y � ) \ z w u g < t X � 	 G 4 X K P ? q �l -  ) { i m � j l -  4 � • b }

. { V T , 8 - M q - 4 K P G t X � 	 { ` | 7 e . �  Y � Q � � K ) \ I k G G { 6
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0 � � Y - z { F r , s ] G G q � � e � z y > { [ � , s � @ o � E � - p M q .

(a) 4 � j n � @ r X | 6 $ 6 ) W U (b) 4 � � c | m . ! 5 � � � 6 | 6 $ 6 ) �

� W U

& 11 v h = 5 Y L Q @ r � u Y � 
 | 8 f
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MATHEMATICAL PROBLEMS IN SOFT MATTER LIKE
HYDROGEL

Zhang Hui

(School of Mathematical Sciences, Beijing Normal Universit y, Beijing 100875, China)

Abstract

Hydrogel is a kind of polymeric materials, have attracted so me theoretical and experi-

mental studies. The new hydrogel predominately consists of MMS (macromolecular micro-

sphere), chains and water molecules, which shapes its well-de�ned structure and high mechan-

ical strength. But, how is it phase transition and forming th ese well-de�ned micro-structure?

Why the hydrogels have such high mechanical strengths? what is the structure-property re-

lationship? How do the structural factors a�ect, such as nan oparticle size, grafting density,

polymer chain length, entanglement, and so on? Here we will review some mathematical

progress to partly answer them, including phase transition , micro-structure, macro-property

and related numerical methods. Meanwhile, we also present some mathematical problems to

be solved.

Keywords: soft matter like hygrogel; phase transition; microstructu re; macro-property,

modeling computed; numerical methods
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